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IN THE LIGHT OF KNOWLEDGE ATTAINED THE 
HAPPY ACHIEVEMENT SEEMS ALMOST A MATTER 
OF COURSE, AND ANY INTELLIGENT STUDENT CAN 
GRASP IT WITHOUT TOO MUCH TROUBLE. BUT THE 
YEARS OF ANXIOUS SEARCHING IN THE DARK, WITH 
THEIR INTENSE LONGING, THEIR ALTERNATIONS 
OF CONFIDENCE AND EXHAUSTION AND THE FINAL 
EMERGENCE INTO THE LIGHT— ONLY THOSE WHO 
HAVE EXPERIENCED IT CAN UNDERSTAND THAT. 


Albert Einstein: Notes on the Origin of the 
General Theory of Relativity , 1934 
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A BRIEF NOTE ON THE PUBLICATION 
OF THIS WORK 


We congratulate the authors of this book on their initiative in presenting 
to the nonprofessional reader the history and meaning of Albert Einstein’s greatest 
intellectual achievement — his general theory of relativity. The book is the result of the 
scholarly effort of its authors, yet their institutional affiliation carries in this context an 
additional symbolic value. Albert Einstein, The Hebrew University of Jerusalem, and the 
Max Planck Society form a triangle of relations that deserves some attention. 

Albert Einstein was a founder of the Hebrew University of Jerusalem. He served on its 
Board of Governors and as the first chairman of its Academic Committee. On the occa- 
sion of the opening of the university in 1925, he published a mission statement in which 
he wrote: “A university is a place where the universality of the human spirit manifests 
itself,” and expressed the wish that “our University will develop speedily into a great spiri- 
tual center, which will evoke the respect of cultured mankind the world over.” This vision 
has been amply fulfilled. 

In 1950, Einstein gave profound expression to his lifelong commitment to the 
Hebrew University: he bequeathed his own true wealth — his personal papers and liter- 
ary estate — to the university, making it the eternal home of his intellectual legacy. Today 
they make up the Albert Einstein Archives, which constitute a cultural asset of supreme 
importance to mankind. Its holdings are unique — they consist of numerous manuscripts, 
prolific correspondence, and a large variety of additional material about Einstein. The 
material in the archives sheds light on the multifaceted aspects of Einsteins scientific 
work, his political activities, and his private life. The documents have enabled scholars to 
trace the development of the ideas that led Einstein to his general theory of relativity. It is 
this intellectual journey that is the subject matter of the present book. 

Einstein submitted his theory of general relativity to the Royal Prussian Academy of 
Sciences in November 1915. In 1917, he became the first director of the Kaiser Wilhelm 
Institute for Physics. After one of the predictions of the new theory was confirmed, the Ber- 
liner Illustrirte Zeitung, featuring Einsteins photo on the front page, proudly announced 
him as “a new celebrity in world history.” All this acclaim ended tragically when the Nazis 
came to power, and Einstein, like many of his colleagues of Jewish heritage, became 
homeless in his own homeland. After the defeat of Nazi Germany, when the magnitude 
of suffering inflicted on nations, ethnic groups, and individuals by the Nazi policy and 
ideology became clearly evident, Einstein rejected numerous invitations and suggestions 
to return to Germany and to rejoin German scientific institutions. For instance, Einstein 
was invited to join the newly established Max Planck Society — successor to the Kaiser 
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Wilhelm Society — by its president Otto Hahn. His refusal was sharp and clear. In 1947, 
Einstein also refused to approve any publication of his writings in Germany. His stance 
changed in 1954, when he agreed to the publication of a new German edition of his pop- 
ular book The Special and General Theory of Relativity. 

In 1959, the Max Planck Society pioneered academic contacts with the Weizmann 
Institute in Israel, even before diplomatic relations between Germany and Israel had been 
established. These contacts were the beginning of a long and productive academic coop- 
eration between the two countries. Currently, Max Planck researchers and their Israeli 
colleagues are working together on 88 joint projects. Nearly a quarter of these projects 
involve scientists from the Hebrew University, demonstrating how well our two scientific 
institutions complement each other. In the recently founded Max Planck-Hebrew Uni- 
versity Center on Sensory Processing of the Brain in Action we have joined forces to shed 
light on the functional building blocks of the brain, the neural circuits. 

Regarding the theme of this book, Einsteins theory of general relativity, its conse- 
quences, and its history are being explored at several Max Planck Institutes, including the 
Albert Einstein Institute in Golm and the Max Planck Institute for the History of Science 
in Berlin. Between 1999 and 2005, the Max Planck Society realized a large-scale historical 
research project investigating the involvement of its predecessor society in Nazi crimes. 
To mark the centennial of Einsteins “miraculous year,” the authors of the present book 
collaborated in producing the 2005 Berlin exhibition Albert Einstein — Chief Engineer of 
the Universe on behalf of both the Max Planck Society and the Hebrew University of 
Jerusalem. The 100th anniversary of the discovery of general relativity has brought our 
institutions together once more and motivated the authors to produce this book. We are 
grateful for this enterprise. 


PROFESSOR MENACHEM BEN-SASSON 

President of the Hebrew University of Jerusalem 

PROFESSOR MARTIN STRATMANN 

President of the Max Planck Society 


FOREWORD 


You consider the transition to special relativity as the most essential 
thought of relativity, not the transition to general relativity. I con- 
sider the reverse to be correct. I see the most essential thing in the 
overcoming of the inertial system, a thing that acts upon all process- 
es but undergoes no reaction. This concept is, in principle, no better 
than that of the center of the universe in Aristotelian physics . 1 


We are at the threshold of the centennial of Einstein’s discovery in 1915 of 
general relativity, a most fitting occasion for the publication of this volume, an annotated 
edition of the paper that is the culmination of the transition from the special to the gen- 
eral theory. Its two authors are eminently qualified for their task: Hanoch Gutfreund par- 
ticipated in the publication of an elegant facsimile edition of Einsteins 1912 manuscript 
on the special theory of relativity 2 that contains some of the missing links for reconstruct- 
ing the development of that theory, while Jurgen Renn was a key editor of Einstein’s 1912 
Zurich Notebook, 3 a crucial document for reconstructing the development of the general 
theory. 

It must be emphasized that the steps involved in the development of the general theory 
of relativity were revolutionary. In many ways, they involved a much greater break with 
traditional physics than did the steps leading from Galilei-Newtonian physics to the spe- 
cial theory of relativity. I mention three of them here. 

1. First, there is no longer such a thing as an “empty” region of space-time. At the very 
least, there is always a chrono-geometric field (metric) regulating the behavior of ideal 
rods and clocks, and a compatible inertio-gravitational field (connection) regulating the 
force-free motion of material bodies. In the age-old controversy between absolute and 
relational concepts of space and time, it now seems difficult to maintain an absolutist 
position. As Einstein put it: 

[The metric tensor components] describe not only the field, but at the same time 
also the topological and metrical structural properties of the manifold. . . . There is 
no such thing as empty space, i.e., a space without a field. 4 


Using the following old metaphor, 
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Instead of thinking of space and time as a stage, on which the drama of matter 
unfolds, we have to imagine some ultra-modern theater, in which the stage itself 
becomes one of the actors. 5 

step 1 maybe put this way: There is no such thing as an empty stage without actors on it. 

2. Continuing this metaphor, we can say that these space-time structures no longer 
form a fixed stage, on which different dramas of matter and fields may be enacted: stage 
and actors interact. A new drama requires a new stage. Not only is the local structure 
(in the sense of a finite patch) of space-time dynamized, but the global structure (in the 
sense of the entire manifold topology) is no longer given a priori. For each solution to the 
gravitational field equations given locally, one must work out the global topology of the 
maximally extended manifold(s) compatible with this local space-time structure. 6 

3. Finally, the stage has no properties of its own that are independent of the action. The 
same drama cannot be enacted on different parts of the stage: as the actors move about, 
they carry the stage along with them. Expressed less metaphorically, the points of the bare 
manifold have no inherent properties that distinguish one point from another; rather, all 
such distinctions depend on the presence of fields and matter. Many textbooks on general 
relativity still refer to these bare points as “events,” incorrectly suggesting that, as in all 
previous physical theories, the points are physically individuated a priori, thus obscuring 
this truly revolutionary feature. 

Together, these three steps gave rise to the concept of a background-independent the- 
ory: no actors, no anything. Einstein put it this way: 

Space-time does not claim existence on its own, but only as a structural quality of 
the field. 

If we consider otherwise empty regions, in which only the chrono-geometrical metric 
and the corresponding inertio-gravitational connection are present, then the points of 
such a region cannot be individuated by anything but the properties of these fields. 
Recently, I put it this way: 

One of the most crucial developments in theoretical physics was the move from 
theories dependent on fixed, non-dynamical background space-time structures to 
background-independent theories, in which the space-time structures themselves 
are dynamical entities. . . . Even today, many physicists and philosophers do not 
fully understand the significance of this development, let alone accept it in practice. 
One must assume that, in an empty region of space-time, the points have no inher- 
ent individuating properties — nor indeed are there any spatio-temporal relations 

between them — that do not depend on the presence of some metric tensor field 

Thus, general relativity became the first fully dynamical, background-independent 
space-time theory. 7 

But one must not think that this is the end of the story. In Winston Churchill’s immortal 
words: “Now this is not the end. It is not even the beginning of the end. But it is, perhaps, 
the end of the beginning.” 8 When viewed retrospectively, the 1915 paper is the culmi- 
nation of what I have called Einstein’s Odyssey; 9 but when viewed prospectively, it is the 
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first step in an intellectual journey that is still ongoing. Like many other foundational 
papers, it functions as a nodal point, summing up the past and opening wide vistas for 
the future. 

Even at the moment of his greatest triumph, Einstein never doubted this. In 1916, he 
wrote: 

It appears that the quantum theory would have to modify not only Maxwellian 
electrodynamics, but also the new theory of gravitation. 10 

There is a well-known tension between the methods of quantum field theory and the 
structure of general relativity. The methods of quantization of non-general-relativistic 
theories are based on the existence of a fixed kinematical background space-time struc- 
ture, providing the where and when for all events. This space-time structure is needed 
both for the development of the formalism of the dynamical theory to be quantized 
and — equally important — for its physical interpretation: If a system prepared here and 
now is subject to some dynamical interactions, what will be the result of a measurement 
made on the system there and then? 

General relativity does not fit this pattern. It is a background-independent theory with 
no fixed, non dynamical structures, and hence it has no kinematics independent of its 
dynamics. In such a theory, here and now, and there and then, are not part of the questions 
posed to a system but part of the answers given! 

However there is hope: general relativity and special-relativistic quantum field the- 
ories do share one fundamental feature that often is not sufficiently stressed: the pri- 
macy of processes over states. The four- dimensional approach, emphasizing processes in 
regions of space-time, is basic to both. The ideal approach to quantum gravity would be a 
background-independent method of quantization that takes process as primary. 11 

The challenge of finding such an approach still awaits solution. But even if or when a 
satisfactory quantization of Einstein’s gravitational field equations is found, that still will 
not be the end of the story, as Einstein always realized. Early in 1917, he wrote: 

But I do not doubt that sooner or later the day will come, when this way of conceiv- 
ing [of gravitation] will have to give way to another that differs from it fundamen- 
tally, for reasons that today we cannot even imagine. I believe that this process of 
deepening of theory has no limit. 12 
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PREFACE 


This book presents a facsimile of the manuscript of Albert Einstein’s 
canonical 1916 paper on the general theory of relativity, which may be considered one 
of the most sophisticated intellectual achievements produced by a single human mind. 

Each page of Einsteins manuscript is accompanied by brief essays to guide the non- 
specialist through Einsteins arguments and to place this work in a broad intellectual and 
historical context. The explanatory texts refer to the topics on the specific page and to 
relevant historical backgrounds. The different kinds of commentaries are differentiated 
by their typographic styles. So as not to interfere with a fluent reading of the essays, the 
bibliographic information and suggestions for further reading pertaining to the content 
of each page are given at the end of the book. 

The reproduction of the manuscript is preceded by a comprehensive historical intro- 
duction narrating the evolution of general relativity into a full-fledged theory. The intro- 
duction and the texts accompanying the manuscript tell essentially the same story but they 
do so in a different style, in a different format, and sometimes at a different level of exposi- 
tion. It is hoped that this dual approach will help readers appreciate the development from 
different angles and will help them choose which track they would like to pursue. 

The advantage of presenting this story on the background of Einsteins manuscript 
is explained in the prologue, “The Charm of a Manuscript.” This prologue also explains 
how the manuscript moved from Berlin, where it was written, to its eternal home at the 
Hebrew University in Jerusalem, where Einsteins papers are preserved. 

The manuscript is followed by a postscript describing the aftermath of the completion 
of the theory and its immediate cosmological implications. Einsteins 1916 publication 
does not in fact represent his final views on a number of issues relating to general rela- 
tivity. A timeline is provided to help orient the reader in the developments between 1905 
and 1932, covering the genesis and formative years of general relativity. For the benefit of 
the reader with a more advanced background in science, the English translation of Ein- 
stein’s 1916 paper is appended. 

Another helpful element is a glossary of scientists and philosophers relevant to Ein- 
stein’s thinking, featuring their images and brief biographical sketches. This glossary 
explicitly demonstrates what is conveyed throughout the text: that Einstein maintained a 
broad network of connections and exchanges with friends and colleagues as he struggled 
with the challenge of creating his new theory of gravitation. We are grateful to Giuseppe 
Castagnetti for composing the biographical notes and to Beatrice Hilke for her assistance 
with the images. 
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The story outlined in this book is known to few but is of interest to many, concerning 
as it does one of the most important turning points in the history of science. This book is 
an attempt to make this development accessible to a broad audience. 

We specifically chose to illustrate the text with drawings by Taurent Taudin in a car- 
toonlike style to add a light, anecdotal flavor. We are grateful to Laurent for his inventive- 
ness but also for his striking capacity to grasp the essence of the subject matter. 

We are grateful to Ingrid Gnerlich from Princeton University Press for guiding us 
through different stages of this project and to the anonymous referees appointed by 
Princeton University Press for their suggestions, which we have followed. Special thanks 
are due to our colleagues and friends Jean Eisenstaedt, Robert Schulmann, and Bernard 
Schutz for critically reading earlier versions of the manuscript. Particular thanks go to 
our friends Michel Janssen and John Stachel, whose suggestions were very helpful in 
improving the text. 

We are grateful to the staff of the Albert Einstein Archives at the Hebrew University 
for their assistance, specifically to director Roni Grosz, to Barbara Wolff, and to Chaya 
Becker. Our thanks also go to Diana Kormos-Buchwald, the general editor of the Ein- 
stein Papers Project, for allowing us to quote extensively from the published volumes of 
the Collected Papers of Albert Einstein, as well as for her personal encouragement with 
which she has accompanied our work. 

This project owes a special debt to two institutions that were directly and indirectly 
involved. The Hebrew University allowed us to use the manuscript and other archival 
material, and the Max Planck Institute for the History of Science became the venue where 
this project was created. We are therefore grateful for the support of both institutions. 

Finally, we acknowledge with appreciation and gratitude the invaluable editorial assis- 
tance and professional support of Lindy Divarci. 


THE ROAD TO RELATIVITY 



THE CHARM OF 
A MANUSCRIPT 


Manuscripts of important documents in the history of mankind and of let- 
ters and writings of known individuals are all available in easily accessible printed form. 
Still, the handwritten originals maintain their charm and generate interest and aesthetic 
appeal. They are displayed at exhibitions and purchased by collectors at public auctions. 
Such originals give us a sense of kinship with the author and a glimpse into his or her 
working process. The difference between an original manuscript and its printed ver- 
sion is analogous to the difference between an original work of art and its reproduction, 
as described by Walter Benjamin in his book The Work of Art in the Age of Mechanical 
Reproduction. There he writes: “Even the most perfect reproduction of a work of art is 
lacking in one element: its presence in time and space, its unique existence at the place 
where it happens to be.” 1 

In the early stages of his career, Einstein was not aware of this aspect of his written work 
and usually disposed of the original manuscripts as soon as the articles were published 
in print. Thus, none of the original manuscripts of his papers from 1905, his “miraculous 
year,” survive. However, there exists a handwritten version of Einstein’s 1905 paper on 
the Special Theory of Relativity, “On the Electrodynamics of Moving Bodies.” 2 In 1944, 
he reproduced it in his handwriting as a contribution to the war effort. It was put up for 
auction and raised $6.5 million. It is now held at the Library of Congress. 

The earliest extant scientific manuscript is a 70-page-long review article on Einstein’s 
Special Theory of Relativity. It was written at the request of the editor of the Handbuch der 
Radiologie, which published annual volumes of review articles on progress in different 
fields of science. Owing to delays in publication and the breakout of World War I, this 
article was never published. The manuscript remained in the custody of the publisher, 
and years later, in 1 995, it was offered at auction by Sotheby’s, New York. Banker Edmond 
Safra bought the manuscript and donated it to the Israel Museum in Jerusalem as a ges- 
ture to its illustrious mayor, Mr. Theodor “Teddy” Kollek. The museum framed and hung 
each page, exhibiting the manuscript as a work of art, which attracted large audienc- 
es. 3 Although most of the visitors did not understand the content, the language, and/or 
the handwriting of the manuscript pages, they nevertheless admired and were fascinated 
by the exhibition. This is the effect such manuscripts produce. 

The manuscript reproduced in this book marks the conclusion of Einstein’s intel- 
lectual odyssey toward his General Theory of Relativity. 4 About two months after his 
final presentation of the theory to the Royal Prussian Academy of Science, he wrote to 
Lorentz: “My series of gravitation papers are a chain of wrong tracks, which nevertheless 
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did gradually lead closer to the objectives. That is why now finally the basic formulas are 
good, but the derivations abominable; this deficiency must still be eliminated.” 5 With- 
out eliminating what appeared to him as an avoidable complexity, Einstein submitted 
the manuscript for publication to Wilhelm Wien, the editor of Annalen der Physik, the 
leading journal in physics at the time, on March 19, 1916. In the submission letter, Ein- 
stein informed the editor that he had also discussed, with the publisher of the journal, 
an additional publication of this manuscript as a separate booklet. The article “Founda- 
tion of General Relativity” was published on May 11th in Annalen der Physik and also 
separately. 

The general relativity manuscript is now part of the Albert Einstein Archives at the 
Hebrew University of Jerusalem. How it got there is a complex story, the details of which 
are not completely known. Apparently, Einstein gave the manuscript to his friend the 
physicist astronomer Erwin Freundlich, with whom he had an ongoing dialogue on pos- 
sible observational tests of phenomena predicted by the new relativistic theory of gravita- 
tion. In 1920, Freundlich was one of the founders of the Einstein Donation Fund, which 
supported the construction of the Einstein Tower in Potsdam, where such tests were to 
be conducted. We do not know when and why Einstein gave the manuscript to Freund- 
lich. The nature of this “gift” later became a point of dispute between them. By the end 
of December 1921, the relationship between the two colleagues and friends had dete- 
riorated. Einstein resigned from the board of trustees of the fund and demanded that 
Freundlich return the manuscript. In an angry letter to Freundlich he wrote: 

As concerns my manuscript, I ask you to arrange to have it handed over to me 
immediately, without wasting another word on it. I had requested that you send 
it back to me in the summer. You promised in writing to send it back immediately 
upon your return from your summer trip. When you did not follow through with it 
then, my wife wrote you a letter in this regard, to which you did not respond. Now 
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you retrospectively contend I had given the manuscript to you, for which there was 
absolutely no reason. As if this were not enough, you took steps behind my back 
to sell the manuscript abroad, as you yourself told me. I hope now that you will do 
your duty without my having to admonish you again. 6 

Einstein retold the story of the manuscript in a letter to Arnold Berliner, 7 editor of the 
journal Naturwissenschaften, who tried to mediate this dispute. Einstein concluded: “I 
find Freundlich’s conduct such that I want nothing to do with him. ... It no longer con- 
cerns the manuscript but the man, whom I cannot trust anymore.” The handwritten draft 
of this letter contains a sentence that Einstein crossed out: “Auf das Manuscript verzichte 
ich hiermit; mit Freude daran.” (I am happy to do without the manuscript.) 

Freundlich returned the manuscript, and in April 1922, Einstein entrusted the indus- 
trialist and philosopher of science Paul Oppenheim with selling it, giving the following 
instructions: “The Jewish University of Jerusalem shall be given half of the proceeds; of 
the remaining half you may dispose as your conscience tells you.” 8 Thus, Einstein left it 
to Oppenheim’s discretion to decide on Freundlich’s claim to rightful ownership of the 
manuscript, although in a postscript Einstein stated that he was deeply convinced that 
Freundlich had no right to it and that his behavior was deceitful. Oppenheim was a friend 
of both adversaries and did not want to serve as a moral judge between them. Rather, he 
wished to restore their friendship. 

In July 1923, Einstein took another course of action. He asked Heinrich Loewe, a 
prominent member of “The Preparatory Board of the Hebrew University and the Jewish 
National Library in Jerusalem” to sell the manuscript. This time the instructions con- 
cerning the allocation of the proceeds were very specific: They were to be distributed in 
equal parts among the library in Jerusalem, the Einstein Donation Fund, the fund secur- 
ing Mrs. Freundlich’s pension, and Einstein himself, who would then donate his share to 
charity. These instructions were confirmed in a letter from Loewe to Einstein. 9 


4 


THE CHARM OF A MANUSCRIPT 


The manuscript was not sold, and its fate is revealed in correspondence between Ein- 
stein and his wife Elsa when in 1925 he spent two months in South America. Only his 
letters to Elsa survive; we do not know what she wrote to him. On April 1 5, in a postscript, 
he wrote: “Do not give away the manuscript, dear Elsa. . . . The time is not good for sell- 
ing it. Better after my death.” 10 Einstein did not know that on March 19th, Leo Kohn had 
already received the manuscript from Elsa on behalf of the Board of Trustees of the Uni- 
versity of Jerusalem. The document, 11 signed by Kohn, that confirms this transaction stip- 
ulates that it be returned “without delay to Professor Einstein, in case any inconvenience 
be caused to him by the University’s acceptance of the manuscript.” This document also 
states that Mrs. Einstein should receive 2000Mk, to be transferred to the Einstein Fund in 
Potsdam for the use of Prof. Dr. Freundlich, and 400Mk should be given to Mrs. Einstein 
for her charities. 

When Einstein learned that the manuscript was on its way to Jerusalem, he wrote to 
Elsa, on April 23rd, with relief: “I am glad that I now got rid of the manuscript and thank 
you for doing me this favor of love ( Liebesdienst ); better than burned or sold.” 12 

The general relativity manuscript has been in the possession of the Hebrew Univer- 
sity since its opening on April 1, 1925, and is cherished as one of the university’s most 
precious treasures. The manuscript was displayed for the first time in its entirety at an 
exhibition marking the 50th anniversary of the Israeli Academy of Science. Each one of 
its 46 pages was enclosed in a box with controlled illumination and microclimate. Like 
its 1912 predecessor, the manuscript attracted crowds of interested and excited visitors. 

In 2013, the European Space Agency launched an Automated Transfer Vehicle (ATV- 
4), named “Albert Einstein,” carrying supplies and equipment to the International Space 
Station (ISS). The cargo of ATV-4 contained the first page of the manuscript described in 
this book, which astronaut Luca Parmitano signed on board the ISS as a symbolic gesture 
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acknowledging the importance of this manuscript and of what it represents in the history 
of mankind. 

This is the story of a single albeit very important manuscript. The Albert Einstein 
Archives at the Hebrew University contain many such manuscripts, all of which con- 
stitute inspiring chapters in the history of physics. They are being edited and explored 
by historians of science at the Einstein Papers Project at the California Institute of Tech- 
nology and elsewhere. All shed light on how science was done in the formative years of 
modern physics. 
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EINSTEIN'S INTELLECTUAL 
ODYSSEY TO GENERAL 
RELATIVITY 


Einstein and Newtons 
apple: Newtons ingenious 
insight led him to the con- 
clusion that the motion of a 
falling apple and the motion 
of the moon orbiting the 
Earth are both governed by 
the same physical law — the 
law of universal gravitation. 



Einstein’s famous 1905 papers shook the foundations of classical physics. 1 
They challenged the idea of light as a wave, gave striking proof for the existence of atoms, 
led to a new understanding of space and time, and identified mass as a form of energy. 
The revolution of space and time that started in 1905 with Einsteins formulation of the 
special theory of relativity was soon seen to be incomplete. Attempts to fit Newtons well- 
established law of gravity into the framework of this theory did not succeed, at least not 
without giving up basic principles of mechanics. Although this problem did not lead to 
urgent empirical queries, it led Einstein in 1907 to question the special theory’s concepts 
of space and time and caused him to continue the revolution with his 1915 theory of 
general relativity. 

The following remarks introduce the reader to the development of Einstein’s ideas and 
attitudes as he struggled for eight years to achieve a theory of general relativity that would 
meet the physical and mathematical requirements laid down at the outset. Many of the 
points discussed here will appear again in the annotations to the specific pages of the 
manuscript. However, before getting there, we present the whole story as it evolved, with 
all its dilemmas, wrong paths, misinterpretations, and misunderstandings, to which Ein- 
stein himself admitted as he progressed on the bumpy road to his final goal. 
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A TALE OF THREE CITIES: PRAGUE, ZURICH, BERLIN 

The Einstein specialist John Stachel refers to the development of general relativity as “a 
drama in three acts.” 2 According to this scenario, the first act occurred in 1907 with the 
formulation of the basic idea to which Einstein referred as the “equivalence principle.” 
The second act took place in 1912, when Einstein realized that the gravitational field is 
mathematically represented by 10 functions of spacetime coordinates, which form the 
metric tensor associated with the non-Euclidean geometry of spacetime. The third act, 
with its “happy end,” occurred in November 1915, when Einstein formulated the gravi- 
tational field equations and explained the anomalous precession of the perihelion of the 
planet Mercury. 

We propose another script for this dramatic development, which explores its geog- 
raphy. Einstein conceived the notion of the equivalence principle when he was still 
employed at the patent office in Bern, and he published it in a review article on special rel- 
ativity in 1907. In that article Einstein also discussed some of its immediate implications, 
such as the bending of light rays in a gravitational field and the effect of gravitation on the 
pace of clocks. This can be viewed as a prelude to the real “drama,” which began in 1911 
when he went to Prague. Then, after a pause of four years, Einstein resumed his interest in 
gravitation and pursued it intensively — almost exclusively and sometimes obsessively — 
until his triumphal achievement. It is to this period that we refer as a “Tale of Three Cit- 
ies.” Each of these cities served as a stage for a specific chapter in this development. Each 
one provided a different social and political environment, and each was characterized by 
a different phase in his family life. Plow these circumstances related to his scientific work 
is discussed in several Einstein biographies. 

Prague In 1909, Einstein was appointed extraordinary professor at the University of 
Zurich. For the first time he held a position that carried certain academic and public pres- 
tige. Less than six months later, he was offered the even more prestigious position of full 
professor at the German part of the Charles University of Prague when a vacancy in the- 
oretical physics opened up there. Einsteins candidacy to this position was most strongly 
supported by Anton Lampa, a professor of experimental physics and ardent follower of 
Mach, who hoped that Einstein would further promote Mach’s ideas. 3 

After some delay and despite the reluctance of his wife Mileva to leave Zurich, where 
she felt more comfortable, and despite appeals of students to the authorities of the uni- 
versity to make every effort to keep him in Zurich, Einstein accepted the offer and went 
to Prague in April, 1 9 1 1 . 

In Prague, Einstein wrote 1 1 scientific papers, 6 of which were devoted to relativity. In 
the first of these papers, published in 1 9 1 1 , he discussed the bending of light and the grav- 
itational redshift, which he had already discovered in 1907, 4 but now Einstein explored 
them as observable effects. In the Prague papers, he focused on developing a consistent 
theory of the static gravitational field based on the equivalence principle. Just like New- 
tons theory of gravity, it involved a gravitational potential represented by a single scalar 
function, now given by a variable speed of light. Nevertheless, some basic features of 
the final theory of general relativity had already been conceived by then. Among them 
was the understanding that the source of the gravitational potential is not only the mass 
of concrete bodies but also the equivalent mass of the energy of the gravitational field 
itself. However, until the end of this period Einstein still assumed that the gravitational 
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“In Prague, I found the 
necessary concentration 
for developing the 
basic idea of the general 
theory of relativity.” 


potential was represented by a single function — the space-dependent speed of light — and 
the theory he developed was restricted to a static gravitational field. 

It is interesting to note that Einsteins work on gravitation in Prague was done to a large 
extent within the context of a controversy with the physicist Max Abraham, famous for 
his contributions to electrodynamics and electron theory Abraham was the first to pub- 
lish, in January 1912, a complete theory of the gravitational field formulated within the 
framework of Minkowski’s four- dimensional spacetime. I * * * 5 At first, Einstein was impressed 
but then reacted skeptically. To his friend Besso he wrote: “At first (for 14 days) I too was 
completely bluffed by the beauty and simplicity of his formulas.” 6 Yet, in the ensuing con- 
troversy both Abraham and Einstein developed important insights. 

In a foreword to the Czech edition of 1923 of his famous little popular book “About 
the Special and General Theory of Relativity in Plain Terms,” Einstein refers to his work 
in Prague: 7 

I am pleased that this small book . . . should now appear in the native language of 

the country in which I found the necessary concentration for developing the basic 
idea of the general theory of relativity which I had already conceived in 1908 [he 
must have meant 1907]. In the quiet rooms of the Institute of Theoretical Physics 

of Prague’s German University in Vinicna Street, I discovered that the principle 

of equivalence implies the deflection of light rays near the Sun by an observable 

amount In Prague I also discovered the shift of spectral lines towards the red 

However, the decisive idea of the analogy between the mathematical formulation 

of the theory and the Gaussian theory of surfaces came to me only in 1912 after my 
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return to Zurich, without being aware at that time of the work of Riemann, Ricci, 
and Levi-Civita. This was first brought to my attention by my friend Grossmann. 
Zurich In 1911, Marcel Grossmann was appointed dean of the mathematics -physics 
department of the Swiss Federal Institute of Technology (ETH). One of his first initiatives 
as dean was to write to Einstein asking if he would be interested in returning to Zurich 
to join the ETH. Einstein agreed, declining an earlier offer from Utrecht as well as an 
opportunity to go to Leiden, both of which would have been enticing given the proximity 
of colleagues such as H. A. Lorentz. Whatever the reasons Einstein had for preferring 
Zurich over Utrecht or Leiden, at that time it was the right decision. A short time after 
returning to Zurich in August 1912, he began an intensive and fruitful collaboration with 
Grossmann that became a landmark in the development of general relativity. 

During the Zurich period, Einstein produced three documents that played a sig- 
nificant role in the search for a theory of general relativity: the Zurich Notebook, the 
Einstein-Grossmann Entwurf paper, and the Einstein-Besso manuscript. We shall dis- 
cuss the contents and significance of these documents in the relevant sections of this 
account of Einsteins roadmap to general relativity, so we only briefly describe them now. 

The Zurich Notebook contains Einsteins notes from the intermediate phase of his 
search for a relativistic theory of gravitation, when he was exploring, with the help of 
Grossmann, the concepts and methods of tensor calculus and Riemannian geometry. 
The notebook consists of 96 pages, not all of them devoted to relativity. Einstein never- 
theless gave it the title “Relativitat.” The notes were written between mid-1912 and the 
beginning of 1913. Einstein used the notebook from both the front and the back, and his 
entries meet upside down about a quarter way through. This notebook constitutes a very 


“With the help of a 
mathematical friend 
[Marcel Grossmann] 
here [in Zurich], I will 
overcome all difficulties.” 
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important document in the history of science and is of pivotal importance for our under- 
standing of the origins of the general theory of relativity. 8 

The Zurich Notebook essentially contains the blueprint for the generally covariant 
theory, but owing to a yet immature physical understanding to be described shortly, 
Einstein abandoned this theory. Instead, he and Grossmann published the “Outline of a 
Generalized Theory of Relativity and of a Theory of Gravitation,” which has since been 
termed the Entwurf theory from its German title, which means outline. 9 Although this 
theory did not meet Einsteins initial requirement of general covariance, he convinced 
himself that this was the best that could be done, and despite this and other shortcomings 
of the theory, he expressed satisfaction with it until the summer of 1915. 

The so-called Einstein-Besso manuscript is a collection of about fifty pages of calcu- 
lations, about half of them in Einstein’s handwriting and the other half in Besso’s. These 
pages contain a calculation of the precession of the perihelion of Mercury based on the 
field equation of the Entwurf theory and a calculation of the metric tensor in a rotating 
frame of reference. 10 

The Swiss Department of the Interior approved the request of ETH for a full professor- 
ship for Einstein. However, it lasted only three semesters. Einstein was in great demand, 
and the next offer he could not refuse came from Berlin. 

Berlin In 1 9 1 3, Max Planck was elected secretary of the Royal Prussian Academy of 
Sciences. Shortly after his election, Planck launched a campaign to elect Einstein to the 
academy. In July 1913, Planck went to Zurich with Walther Nernst to present to Einstein 
a tempting three-part proposal: election to the academy with generous financial support, 



“She [Else Lowenthal] was 
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directorship of the Kaiser Wilhelm Institute of Physics without a real administrative bur- 
den, and a professorship at the University of Berlin without teaching obligations. 

Einstein accepted the offer, giving different reasons to different people in justifying 
his decision. To Lorentz he wrote: “I could not resist the temptation to accept a position 
in which I am relieved of all responsibilities so that I can give myself over completely to 
rumination.” 11 But to his good friend Heinrich Zangger he admitted that the main rea- 
son for accepting this offer was that this would bring him close to his cousin Elsa, whom 
he was passionately courting at that time and who would later become his second wife: 
“Despite being in Berlin, I am living in tolerable solitude. But here I have something that 

makes for a warmer life, namely, a woman whom I feel closely attached to She was the 

main reason for my coming to Berlin, you know.” 12 

In November 1913, His Imperial and Royal Majesty Wilhelm II confirmed Einstein’s 
election as a regular member of the physics-mathematics section of the academy. Thus, at 
the age of 34, he became the youngest-ever member of the academy. 

Shortly after Einstein’s arrival in Berlin, World War I broke out. Confronted with the 
realities of war, he eventually left the ivory tower of science to become a political oppo- 
nent of Germany’s involvement in the war. In Berlin, Einstein encountered the phenom- 
enon of anti-Semitism and became aware, more than ever before, of his Jewish identity. 13 
In Berlin, his relations with Mileva deteriorated to the point of separation — Mileva and 
the children returned to Zurich. In the midst of all this, Einstein ardently pursued his 
scientific work and, according to his own testimony, worked harder than ever. 

Einstein continued to work on his and Grossmann’s Entwurf theory of gravitation and 
suggested new arguments to support its validity. His satisfaction with the Entwurf theory 
solidified to the point that he was ready in October 1914 to summarize it in a review arti- 
cle, “The Formal Foundation of the General Theory of Relativity,” 14 which he published 
in the meeting reports of the Royal Prussian Academy of Sciences. It took him less than 
a year to regret it. 

Einstein’s doubts concerning the Entwurf theory began to build in the summer of 
1915. He finally abandoned the theory and, in an outburst of creativity and hard work, 
completed in November of that year his general theory of relativity. 

Einstein had joined Max Planck, Walther Nernst, and many others in Berlin, which 
at the time was the world capital of physics. Even during the hardships of the war years, 
the city maintained an inspiring atmosphere and work routine in the physics community. 
Gerald Holton, a pioneer of Einstein scholarship in its historical and philosophical con- 
text, addressed the question, 15 “How much did these facts contribute to Einstein’s unique 
ability to develop, between 1915 and late 1917, his general relativity theory in Berlin? 
Could he have done so if he had accepted a grand offer from a city in another country?” 
Holton’s clear answer is, “No other man than Einstein could have produced General Rel- 
ativity, and in no other city than in Berlin,” albeit not without help from his friends in 
Zurich! 

THE CHALLENGE OF GRAVITATION 

The 1 905 theory of relativity had established a new understanding of space and time, and 
all physical interactions needed henceforth to fit within its framework. In addition, the 
theory had combined the laws of conservation of energy and momentum into a single 
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Even when the train 
is moving, the coffee 
does not miss the cup. 
This is the classical 
principle of relativity. 


law and it had demonstrated that mass is a form of energy. The consequences of this 
theory could be conveniently described in the framework of a new mathematical formal- 
ism developed by Herman Minkowski, Einstein’s former teacher at the ETH in Zurich. 
This formalism 16 combines space and time into one entity — spacetime — and assigns a 
geometric distance between any two physical events that occur at different positions and 
different times. One usually refers to points in spacetime as events because they are char- 
acterized by location and time of occurrence. The square of this distance is simply the 
square of the time separation between the two events minus the square of their spatial 
separation. Observers moving at constant velocity with respect to each other may com- 
pute this value using their respective positions and time measurements, and they will get 
the same result. In other words, Minkowski’s four- dimensional spacetime is equipped 
with a “metric” instruction that is employed to measure the distance between events. This 
may be compared with the familiar metric instruction to measure the distance between 
two points in three-dimensional space: sum the squares of the Cartesian coordinate 
separations. 

It was not difficult to adapt the domain of electromagnetism to the new spacetime 
framework of the theory of special relativity, which had actually been inspired by Max- 
well’s electrodynamics. But gravitation, that is, the force of gravity between two masses, 
presented problems in this respect. Because Newton’s law of gravity assumes an instanta- 
neous action at a distance, this law in its classical form was not directly compatible with 
the special theory of relativity. One of the consequences of this theory is that no physical 
effect can propagate with a speed exceeding that of light in a vacuum. Thus, a new grav- 
itational theory was needed, but it was not clear how such a theory should look, what 
heuristic assumptions could be made, and even what specific criteria it should satisfy. 
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But, there was an obvious way to make classical gravitational theory formally compat- 
ible with the principles of the special theory of relativity, and Einstein initially pursued 
this line of thinking. However, the problem with this obvious generalization was that the 
resulting theory of gravitation seemed to violate Galileo’s principle that all bodies fall 
with equal acceleration. This is one of the basic principles of classical physics, mythically 
established by Galileo dropping material objects from the top of the tower of Pisa. 


Galileo’s principle stipulates that the acceleration of free fall is the same for all bodies. 
Newton accounted for this principle by setting inertial mass equal to gravitational mass. 
The inertial mass determines the acceleration of a body caused by a given force, while 
the gravitational mass determines the force exerted on a body by a given gravitational 
field. The dependence of inertial mass on energy in special relativity must imply that 
in a relativistic theory of gravitation, the gravitational mass of a physical system should 
also depend on the energy in a precisely known way so as to maintain Galileo’s principle. 
Einstein concluded that if the theory did not achieve this in a natural way, it was to be 
abandoned. Contemporary scientists such as Max Abraham and Gustav Mie were quite 
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ready to abandon Galileo’s principle in order to obtain a relativistic theory of gravitation 
in the sense of special relativity. 

Einstein’s generalization of relativity theory began with Ernst Mach’s philosophical 
critique of classical mechanics. 17 Mach, whose works the young Einstein admired, had 
claimed that the concept of motion or even of inertial mass can by no means be applied 
to a single body in absolute space, as claimed by Newton. Instead he suggested that all of 
classical mechanics should be rewritten in terms of relative motions of bodies and also 
that the concepts inertial mass and inertial system should be redefined in this fashion. 
Centrifugal forces in particular, which cause the curvature of the water level in a rotating 
bucket, were to be interpreted not as an effect of an accelerated motion with respect to 
absolute space, as Newton contended in his famous bucket experiment, but as an effect of 
the presence of other bodies in the universe. Einstein noted that Galileo’s principle must 
somehow be related to Mach’s special view of mechanics, which rejects the privileged role 
of inertial frames of reference as well as the concept of acceleration relative to absolute 
space. Against this background, Einstein realized that the question of how to maintain 
Galileo’s principle must be answered within the framework of a generalization of the 
principle of relativity. In short, in the conflict between classical mechanics and special 
relativity, Einstein in 1907 decided to keep the principle of equivalence of gravitational 
and inertial mass, and in turn was willing to accept that the theory of gravitation would 
lie beyond the scope of special relativity. 18 

With the obvious concept of developing a new theory of gravitation within the frame- 
work of the special theory of relativity in mind, he concluded: “It turned out that, within 
the framework of the program sketched, this simple state of affairs could not at all, or at 
any rate not in any natural fashion, be represented in a satisfactory way. This convinced 
me that within the structure of the special theory of relativity there is no niche for a satis- 
factory theory of gravitation.” 19 

In hindsight, we know that Einstein was right. There are two distinct types of spacetime 
structures: one is connected with the classical mechanics of Galileo and Newton, while the 
other is connected with special relativity, determining the behavior of measuring rods and 
clocks and thus “chrono-geometry.” As John Stachel has emphasized, any theory of gravi- 
tation incorporating the equivalence of inertial and gravitational mass must start from an 
inertio-gravitational field governing the behavior of free particles. Even at the Newtonian 
level, gravitation can thus be described not as an external force acting on bodies but as a 
modification of the hitherto-fixed inertial structure of spacetime. The challenge of creating 
general relativity was thus to establish compatibility between these two structures. 20 

EINSTEIN'S HEURISTICS: THE EQUIVALENCE PRINCIPLE 

If the new theory of gravitation was to include Galileo’s principle, it would have to be a 
generalized theory of relativity, because it would have to give accelerated motion the same 
status as inertial motion, considering gravitational and inertial forces on a par. What Ein- 
stein eventually achieved with general relativity was in fact not so much a further gener- 
alization of the relativity of motion but a “relativity” of gravity, which became integrated 
with inertia to constitute one unified inertio-gravitational field. 21 The relativity theory of 
1905 privileged uniform motion as that of a train moving with constant velocity. Thus, 
the laws of physics have to take the same form in reference frames moving uniformly 
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with respect to each other. Galileo’s principle suggested that this might hold true even for 
reference frames accelerated with respect to each other, because all bodies in such refer- 
ence frames behave in the same way; namely, they fall in the same time. But to compare 
an accelerated reference frame with a reference frame at rest and to claim that they are 
somehow equivalent, one must introduce an additional assumption. In an accelerated 
reference frame somewhere in empty space, like a spaceship far from Earth, bodies will 
fall to the ground because of the acceleration. In a reference frame at rest on Earth, bodies 
will fall to the ground because of Earth’s gravitation. If the behavior is the same in both 
cases, gravitation and the apparent forces in the rocket due to its accelerated motion — 
also known as inertial forces — must be equivalent. This is Einstein’s famous equivalence 
principle, one of the most important heuristic clues in constructing a generalized theory 
of relativity. In retrospect, he referred to this idea as “the happiest thought” of his life . 22 
The equivalence principle states that the gravitational field has only a relative existence, 
because for an observer falling freely from the roof of a house there temporarily exists, 
at least in his or her immediate vicinity, no gravitational field. In particular, all physical 
processes in a uniform and homogeneous gravitational field are equivalent to those that 
occur in a uniformly accelerated system of reference without a gravitational field. This 
concept can be illustrated either by an accelerated spaceship or by the thought experi- 
ment of a falling elevator. 

Including inertial forces in the attempt to construct a new theory of gravitation 
had far-reaching consequences. Inertial forces are fictitious forces acting on masses in 


A “fictitious” force makes 
it difficult for Einstein 
to keep his hat on. 
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accelerated frames of reference, like the centrifugal force experienced on a merry-go- 
around. Einstein used different types of inertial forces as test cases for the new theory, 
for example, those in an accelerating spaceship. He also considered inertial forces that 
act in a rotating system of reference, such as the force shaping the surface of a liquid in 
a rotating bucket, which Newton used to demonstrate the concept of absolute motion. 
These “fictitious” forces are actually real forces, but their origin has remained enigmatic 
in classical physics because they have been ascribed to a mysterious property of absolute 
space. Considering such inertial forces on a par with the well-known Newtonian force, 
Einstein could then draw qualitative conclusions as well as derive requirements for the 
mathematical apparatus of his new theory. 

One crucial conceptual insight provided by his thought experiments concerns the 
bending of light in a gravitational field and the nature of time. Einstein inferred the bend- 
ing of light rays in a gravitational field from the argument that the path of a light ray in an 
accelerated laboratory must be curved due to the superposition of the motion of the lab- 
oratory and the motion of the light. The conclusion that this result must also be valid in a 
gravitational field was in agreement with the assumption that energy has not only inertial 
but also gravitational mass, so that light should be subject to attraction by gravity. The 
deflection of light in a gravitational field suggests that the speed of light should no longer 
be assumed to be constant, contrary to special relativity. This qualitative conclusion was 
supported by an analysis of time synchronization in an accelerated reference frame, as 
described by Einstein in an article written in 1907 (see note 4). His analysis implied that 
accelerating clocks at different locations run at different rates. He reached the same con- 
clusion by comparing the rate of clocks located at different positions on a rotating disk. 



What causes the curvature 
of the surface of water 
in a rotating bucket? 



GEOMETRY ENTERS PHYSICS 

The inclusion of rotating reference frames presented another conceptual challenge. 
Einstein and Max Born had encountered this challenge in 1909 in connection with the 
special theory of relativity. Paul Ehrenfest had also found independently that, according 
to special relativity, rods that are used to measure the circumference of a rotating disk 
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What if the world is 
intrinsically bent? 


should experience a so-called “Lorentz contraction.” 23 Therefore, more rods are needed, 
and the circumference will appear longer than that of a disk at rest. However, rods used 
to measure the radius of the rotating disk will be unchanged, being perpendicular to the 
direction of motion. Therefore, the ratio of a rotating disk’s circumference to its radius 
will have to be greater than the value determined in Euclidean geometry when both dis- 
tances are measured in the frame of reference in which the disk is a rest. This difficulty 
became known as the “Ehrenfest paradox” and led to controversial discussions. Most 
participants in this debate considered this problem to be primarily a problem of the defi- 
nition of a rigid body. However, Einstein identified the Ehrenfest paradox as a key issue to 
be addressed in seeking a generalization of the theory of relativity. In an article published 
in 19 12, he argued that the ratio of circumference to diameter of a disk in a rotating labo- 
ratory is no longer given by n, indicating that general relativity implies a departure from 
Euclidean geometry. 24 



In Einsteins thought process, the equivalence principle and the use of accelerated lab- 
oratory models became subordinate to a newly formulated heuristic principle: the princi- 
ple of general relativity. According to this principle, the new theory of gravitation should 
admit reference systems in arbitrary states of motion, and it should describe the inertial 
forces occurring therein as the action of a generalized dynamic gravitational field. This 
principle and the conceptual changes implied by the accelerated elevator and rotating 
bucket models played a crucial role in considering the kind of mathematics to be used in 
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formulating the theory of gravitation. Einstein had realized that it would be necessary to 
go beyond Euclidean geometry. The desire to include arbitrary systems of reference gave 
him the idea in the summer of 1912 to construct the new theory of gravitation using a 
generalization of the Gaussian theory of curved surfaces, but he first had to generalize 
this theory to the four- dimensional world of the theory of relativity. Mathematicians like 
Bernhard Riemann, Elwin Christoffel, and Tullio Levi-Civita had provided the important 
background for this generalization, but Einstein was not familiar with their works and had 
to acquire this new mathematics gradually with help from his friend Marcel Grossmann. 



This is how a straight path 
looks on a curved surface. 


The mental model of motions along curved surfaces that was familiar from the world 
of classical physics also pointed directly to a solution to the problem of determining the 
equations of motion in an arbitrary gravitational field. An object that is constrained to 
move along a two-dimensional frictionless curved surface with no other forces than 
those exerted by the surface itself will always move along the shortest path, called a geo- 
desic. This is the simplest generalization of a straight line. The idea could immediately be 
transferred to the case of motion observed from an arbitrarily accelerated system of refer- 
ence, corresponding to motion in a gravitational field in the absence of any other forces. 
Such motion can also be represented as a four-dimensional spacetime geodesic in the 
curvilinear coordinates used to describe such a system of reference. (Curiously, however, 
the trajectory described by a freely moving object turns out to be the longest possible path 
between two given points in spacetime. This is a consequence of the peculiar mathemati- 
cal properties of the spacetime metric.) 

The revised description of the action of gravity meant that the gravitational field was no 
longer considered to be a force in the sense of Newtonian physics but as the embodiment 
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“Spacetime tells matter 
how to move; matter tells 
spacetime how to curve.” 
(John Archibald Wheeler) 



of geometric properties of a generalized spacetime continuum. The concept of a metric 
as a generalization of the concept of distance has already been introduced. Whereas a flat 
surface is characterized by a metric that behaves in the same way everywhere on the sur- 
face, the geometric properties of a curved surface must be described by a variable metric. 
Such a metric associates different actual distances with a given coordinate distance at 
different locations on the surface. This variable metric turned out to be a suitable repre- 
sentation of the gravitational potential. 

EINSTEIN'S HEURISTICS: A PLAN OF ACTION 

In his search for a relativistic theory of gravitation, Einstein could orient himself using a 
model very familiar to contemporary physicists, because it represented one of the great 
successes of nineteenth-century physics, namely, the unified theory of all electromag- 
netic interactions established by James Clerk Maxwell and Heinrich Hertz. It was in fact 
a remarkable feature of this theory that it did not describe electric and magnetic fields 
separately but as components of a unified electromagnetic field. This theory was devel- 
oped into its definitive form by the Dutch physicist Hendrik Antoon Lorentz, who later 
became one of Einsteins mentors. The central concept of this theory was that of “field.” 
In contrast with describing the interactions of particles due to forces acting at a distance, 
a field theory is not restricted to the interacting particles but extends to their complete 
surroundings. Field theory describes how the space-filling field is generated by charges 
and currents, considered to be the “source” of the field, and it also describes how this 
field in turn determines the motion of charged particles. A mathematical representation 
of the physical processes interpreted according to this “Lorentz model” therefore neces- 
sarily includes two parts: 
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• an equation of motion, describing the motion of charged particles in a given elec- 
tromagnetic field; and 

• a field equation, describing the electromagnetic field generated by its sources: 
charges and currents. 

Fortuitously, this theory could be most elegantiy presented in the four- dimensional 
spacetime formulation of Einsteins theory of special relativity, which then became a spring- 
board for the generalization of his theory. A consequence of this reformulation was the 
insight that the electromagnetic field could manifest itself differently in terms of electric or 
magnetic fields depending on the state of a physical system. This remarkable property was, 
in fact, one of the starting points of Einsteins work on the special theory of relativity. 

In constructing a relativistic theory of the gravitational field, Einstein was guided in 
almost every respect by the Lorentz model, including the complementary roles of the 
gravitational and inertial aspects of the field. These were analogous to the interplay 
between electric and magnetic aspects of the electromagnetic field. Thus, the new theory 
would include two parts: 

• an equation of motion, describing the motion of particles in a given gravitational 
field; and 

• a field equation, describing the gravitational field generated by its sources: matter 
and energy. 

Einstein solved the first equation in the summer of 1912. The second one posed the 
greater challenge. The right-hand side of the field equation represents the source of the 
field or of the potential, and the left-hand side describes, by means of a specific mathe- 
matical procedure — a so-called differential operator — how the source generates the field 
or the potential. 

Einstein accepted the Lorentz model as a heuristic guideline, yet he soon found that 
the task of finding a field equation was the most difficult challenge he had to face in his 
struggle to formulate a relativistic theory of gravitation. First, he was confronted with 
the problem of finding an appropriate mathematical object to represent the gravitational 
potential. Second, the gravitational field equation that would replace the corresponding 
equation of classical physics had to be compatible with results from both classical gravity 
and special relativity. 

Einstein had to keep in mind that the nature of the gravitational field under normal 
circumstances, namely, in the case of weak static fields (the Newtonian limit), was well 
known and satisfactorily described by Newtons law of gravity. Therefore, the relativ- 
istic field equation for gravitation had to give the same results as Newton’s laws under 
these circumstances. This constraint maybe called Einsteins “correspondence principle.” 
Clearly, the new field equation should also be consistent with the unquestionably valid 
laws of conservation of energy and momentum in physical interactions. This require- 
ment may be called the “conservation principle.” In addition, Einstein’s earlier research, 
guided by the equivalence principle, had yielded a number of discoveries that had to be 
reproduced in the new theory. 

Thus, Einstein’s plan of action was to construct a theory that would satisfy the follow- 
ing principles: 
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• the correspondence principle; 

• the conservation principle; and 

• the equivalence principle. 

In addition, the theory had to be generally covariant. 

THE TWO STRATEGIES: MATHEMATICAL VERSUS PHYSICAL 

Even before Einstein could begin to implement his plan of action, he had to solve another 
problem, namely, how could the gravitational potential be mathematically represented in 
the context of the relativistic theory he was about to construct? 25 The decisive hint came 
from his exploration of the equation of motion and from considering the strange proper- 
ties of rotational motion in such a theory. In 1912 Einstein realized that the gravitational 
potential is not, as in Newtons theory, given by a simple function but, surprisingly, by a 
whole array of such functions of space and time that together form a complex mathe- 
matical object known as the metric tensor. Einstein also realized that this metric tensor 
is related to non-Euclidean geometry, so his new theory of gravitation would become a 
theory of the curvature of space and time. This realization constitutes what Stachel refers 
to as the “Second Act” in the development of the general theory of relativity. 26 

In view of the complexity of the mathematical object representing the gravitational 
potential, the search for a relativistic field equation turned out to be an extremely chal- 
lenging research process, in the course of which some of the basic structures of knowl- 
edge that dominated Einsteins heuristics had to be revised. His efforts in this direction 
in the years 1912-1915 can be described as an interplay between two complementary 
heuristic strategies: a “physical strategy” and a “mathematical strategy.” 

Regarding the physical strategy, Einstein started with a field equation that, from the 
outset, gave the correct law of gravitation in the classical Newtonian limit and thus satis- 
fied his correspondence principle. He then modified it so as to render valid the remain- 
ing fundamental laws of physics, including the principle of conservation of energy and 
momentum. The final step was then to find the degree to which this candidate field equa- 
tion satisfied a generalized relativity principle. 

Pursuing a complementary mathematical strategy, Einstein started from a mathemat- 
ically plausible field equation that would immediately satisfy the most general principle 
of relativity. He was able to draw on some of the mathematical resources brought to his 
attention by his mathematician friend Marcel Grossmann, in particular, the “absolute 
differential calculus” formulated by Ricci and Levi-Civita in a paper published in 1901, in 
which the previous work of Riemann, Christoffel, and others was developed into a com- 
plete calculational scheme. This absolute differential calculus was unknown to physicists 
for a long time, and in 1912 Einstein most probably knew only very little about it. But 
after he moved from Prague to Zurich, the contact with Grossmann gave Einstein access 
to these mathematical methods. 

Once a mathematically plausible field equation was established, it remained to check 
whether it fulfilled the other physical requirements. The serious disadvantage of this pro- 
cedure was that the relation such an abstract mathematical object bore to the familiar 
physical knowledge was not initially clear. A systematic alteration of the initial mathe- 
matical candidate was therefore necessary with the aim of making its consistent physical 
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Mathematics or physics — 
where to start? That 
is the question. 


interpretation possible, and this became a necessary part of the strategy In particular, a 
candidate field equation had to fulfill the demand that Newtons theory could be recov- 
ered for the special case of a weak static gravitational field and assure the conservation of 
energy and momentum. Furthermore, it had to fulfill the condition that even after it was 
modified to fulfill these demands, the group of admissible coordinate transformations 
still remained wide enough to include at least transformations to accelerated reference 
frames representing the special cases of uniform acceleration and uniform rotation. 

The issue of the Newtonian limit of general relativity is complicated by the fact that 
there are actually two approaches: one going through the intermediate stage of special 
relativity, and the other via a generalization of gravitational fields within Newtonian phys- 
ics, allowing slow-motion and quasi-static solutions to be treated. The latter, however, 
demands a reformulation of Newtonian theory — including the equivalence principle — in 
terms of mathematical concepts that were introduced only much later by the French 
mathematician Elie Cartan in reaction to the work of Tevi-Civita and Weyl. Before this 
sophisticated mathematical approach was developed, Einstein was compelled to intro- 
duce assumptions about the Newtonian limit that later turned out to be problematic. 
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THE BEST THAT CAN BE DONE: THE RISE OF THE ENTWURF THEORY 

Einstein’s collaboration with Grossmann is best reflected in the Zurich Notebook, which 
eventually led to the publication of the so-called Entwurf theory. The problem at the core 
of Einsteins research documented in this notebook was to find a field equation for the 
gravitational field, namely, to find a relation determining how this field is generated by its 
source, that is, by energy and matter. The notebook contains an important entry regard- 
ing the assistance of Marcel Grossmann, who referred Einstein to a key mathematical 
concept, the so-called Riemann tensor, and thereby showed him the royal road to general 
relativity from the point of view of contemporary theory. Einstein and Grossmann, how- 
ever, abandoned this royal road soon afterward. 

There were two main reasons for this abandonment. They realized that to achieve the 
correct Newtonian limit they had to impose certain conditions on the choice of admissi- 
ble coordinates. Grossmann and Einstein also found that requiring their theory to satisfy 
the conservation of energy and momentum imposed further restrictive coordinate condi- 
tions. As a result, they came to the conclusion that a theory based on the Riemann tensor 
could not be brought into harmony with these physical requirements. Only in 1915, after 
Einstein had gained a much deeper understanding of how these requirements were to be 
articulated for the case of his new theory of gravitation, could this conclusion be revised. 

Finding the correct gravitational field equation was not just a matter of determining 
the right mathematical expression but also of integrating mathematical formalism and 
physical meaning. Just mastering the mathematics would be like using a language in a 
grammatically correct way without, however, understanding the meaning of its words. 
The Zurich Notebook reveals Einstein struggling with a new mathematical language 
into which he was attempting to translate some of the familiar physical knowledge while 
simultaneously trying to discover the new physical insights it harbored. 

Einstein repeatedly alternated between physical requirements derived from Newton’s 
theory of gravity and other conditions suggested by a mathematical formalism appro- 
priate for the description of a curved spacetime, no doubt hoping that the two strategies 
must ultimately converge. In the notebook, however, he failed to fully realize his aspira- 
tions for either one. 

Paradoxically, the main result of Einstein’s experiments with the mathematical strat- 
egy was the more or less successful implementation of the physical strategy. Clearly, the 
vantage point represented by Newton’s classical theory of gravity took precedence over 
the more speculative new insights connected with the generalization of the relativity 
principle. It therefore seemed more plausible to Einstein to build on this secure vantage 
point, even if that meant renouncing some of his loftier ambitions concerning a general- 
ization of the principle of relativity. 

After many aborted attempts, Einstein eventually derived, at the end of the Zurich 
Notebook, a field equation that became known as the core of the Entwurf theory. It pri- 
marily satisfied the principles rooted in classical physics, namely, the correspondence 
principle and the conservation principle. Einstein realized that the class of coordinate 
systems in which the Entwurf equation takes on the same form does not satisfy the gen- 
eralized principle of relativity in the way he imagined. He therefore abandoned with a 
heavy heart the realization of general covariance. Nevertheless, he could reassure him- 
self that this equation was acceptable because the necessary restriction of the admissible 
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coordinate systems could apparently be justified by the requirement to implement the 
conservation principle. So there seemed to be a cogent reason for the limited extent to 
which the generalized principle of relativity was fulfilled in the Entwurf theory. From the 
modern perspective, this theory is incorrect, but at that point Einstein assumed that it 
was the best that could be achieved. The culmination of this process was the publication 
in 1913, together with Grossmann, of the article “Outline ( Entwurf) of a General Theory 
of Relativity and of a Theory of Gravitation.” This article consists of two parts: a physical 
part authored by Einstein and a mathematical part authored by Grossman. 

Initially, Einstein was not completely satisfied with the published theory. In a letter to 
Lorentz, he referred to the lack of general covariance as an “ugly dark spot” of the Entwurf 
theory. 2. But when Einstein looked for reasons to defend this deficiency, he concluded 
that the restricted covariance was a necessity. At first he thought he could use energy- 
momentum conservation to justify the lack of general covariance of his new theory. In 
December 1913, Einstein wrote to Mach: “The reference system is, so to speak, tailored to 
the existing world with the energy principle, and loses its nebulous aprioristic existence.” 28 

Einstein eventually realized, however, that this argument was not sound. But mean- 
while, in the summer of 1913, he had found another, more profound, argument — the 
famous “hole argument” — claiming that generally covariant theories are bound to violate 
causality. In the argument’s original formulation, Einstein considered a spacetime filled 
with matter except in a closed region, the hole. Adopting the seemingly plausible assump- 
tion that spacetime points can be identified by coordinates, he could show that a specific 
matter distribution outside the hole does not uniquely determine the gravitational field 
within. Einstein thought that this result was sufficient to reject all generally covariant 
theories. Only in late 1915 did Einstein realize that this seemingly reasonable assumption 
was untenable in his new gravitation theory, because coordinates have no physical signif- 
icance. The hole argument and its refutation eventually became the starting point for for- 
mulating the important concept of background-independent theories, that is, of theories 
for which time and space are not a fixed stage for the drama of physics. 29 

In 1913, however, it was precisely the erroneous hole argument that motivated Ein- 
stein to further consolidate the Entwurf theory, whose main “ugly dark spot” seemed to 
have been overcome. He concluded that “[t]he fact that the gravitational equations are 
not generally covariant, which still bothered me so much some time ago, has proved to 
be unavoidable; it can easily be proved that a theory with generally covariant equations 
cannot exist if it is required that the field be mathematically completely determined by 
the matter.” 30 

From 1 9 1 3 to late 1915 Einstein was convinced that the now- forgotten Entwurf theory 
constituted the solution to the problem of a relativistic theory of gravitation. To his friend 
Besso he wrote in 1914: “Now I am completely satisfied and no longer doubt the correct- 
ness of the whole system, whether the observation of the solar eclipse succeeds or not. 
The sense of the matter is too evident.” 31 

THE VARIATIONAL METHOD ENTERS THE SCENE 

A nagging doubt, however, persisted: what was the relation of the Entwurf field equation 
to the mathematical tradition of absolute differential calculus? Since his collaboration 
with Grossmann, Einstein was quite familiar with this tradition, and he knew that the 
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Riemann and the Ricci tensors would have been the correct mathematical objects on 
which to build his theory. He was convinced there must be a relation between his Entwurf 
theory and this mathematical language, but it was unclear what that relation might be. To 
clarify this issue, he again turned to Grossmann for help. In early 1914, the Zurich mathe- 
matician Paul Bernays suggested to Einstein and Grossmann that they derive the Entwurf 
field equation from a variational formalism that traces the evolution of a single function 
known as the Lagrangian. In this formalism, energy-momentum conservation emerges 
as a natural by-product. Einstein and Grossmann succeeded in finding a Lagrangian 
function from which the Entwurf field equation could be derived, and they observed that 
this function is invariant under transformations between coordinate systems specified 
solely by the requirement of energy-momentum conservation. Einstein and Grossmann 
finally published an article in which they showed how the Entwurf equation as well as 
energy-momentum conservation can be obtained from such a variational formalism. 32 
In a sense, this amounted to an adaptation of the mathematical strategy to the Entwurf 
theory. Einstein convinced himself, erroneously, that the variational method he used to 
derive the field equation led uniquely to the Entwurf theory. 

THE EINSTEIN-BESSO MANUSCRIPT: EINSTEIN FAILS 
TO SEE THE WRITING ON THE WALL 

An important touchstone for any new theory of gravitation is not only its capacity to 
reproduce the laws of planetary motion as established by Kepler and Newton but also to 
explain the small deviations from these laws as they become evident in particular by the 
precession of the perihelion of Mercury’s orbit. This precession consists in a slight rotation 
of the ellipse of Mercury’s orbit. Most of this rotation can be explained by the influence of 
other planets and accounted for by Newtonian theory. But at that time astronomers had 
already known for 50 years that there is a discrepancy between the observed value of this 
precession and Newtonian theory by 43" (arc seconds) per century. 

As early as 1907, in a letter to Conrad Habicht, 33 Einstein identified the explanation of 
this discrepancy as one of the goals of a new theory of gravitation. Six years later, he could 
use this discrepancy to test the Entwurf theory. In 1913, together with his friend Michele 
Besso, Einstein found an ingenious method for approximately solving the Entwurf 
field equation and thus for determining the shifting of Mercury’s orbit. This method is 
described in the Einstein-Besso manuscript, comprising some fifty pages strewn with cal- 
culations. 34 This procedure generated the disappointing result of 18" per century. Never- 
theless, it did not, at least not at that time, cause Einstein any doubts regarding the validity 
of the Entwurf theory. Had Einstein taken this result seriously, he could have dismissed 
the theory and embarked on the right journey two years earlier. 

The Einstein-Besso manuscript contains another important calculation that could 
have led to a similar consequence. It derives the metric tensor in a rotating frame of ref- 
erence and shows that this is a solution of the gravitational field equation generated by 
a rotating disk of mass (distant stars). 35 Einstein was very happy with this result because 
it seemed to confirm Mach’s interpretation of Newton’s rotating bucket experiment and 
validated the notion of “rotation at rest” in the relativistic theory of gravitation. Actually, 
however, Einstein made a mistake in this calculation, which he realized only about two 
years later, in September 1915. 
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What causes the precession 
of the perihelion of 
Mercury’s orbit? 


THE ENTWURF THEORY: ABANDONMENT 

Another central problem on the road to the correct theory, which was solved in the course 
of elaborating the Entwurf theory, was that of satisfying the correspondence principle. This 
problem arose, as was pointed out earlier, in the inquiry into the relation between the lim- 
iting case of the mathematically motivated candidate and classical Newtonian theory. The 
solution emerged from Einsteins attempt to assess the astronomical consequences of the 
Entwurf theory and to check whether it could explain the perihelion motion of Mercury. 

By the fall of 1915, Einstein had decided to abandon the Entwurf theory and to revisit 
his previous inquiries into a covariant theory of gravitation. In retrospect, Einstein gave 
three reasons for this move: 

• The theory could not explain Mercury’s perihelion rotation. 

• The theory did not confirm Einsteins Machian heuristics (treatment of a rotating 
system of reference as equivalent to a system at rest). 

• The conclusion that the variational method led uniquely to the Entwurf field equa- 
tion turned out to be wrong. 

Remarkably, the Entwurf theory initially survived all these problems. Even the last one did 
not lead to the theory’s refutation but only to a successful attempt to repair this derivation 


28 


EINSTEIN'S INTELLECTUAL ODYSSEY 


on a technical level by resorting to a physical argument. The flaw in the hole argument is 
not listed here because Einstein recognized the fallacy of this argument only after he had 
completed his general theory of relativity. 

The failure of the derivation of the Entwurf theory from mathematical principles 
nevertheless had far-reaching consequences with regard to Einstein’s reflection on the 
results he had achieved. This failure showed that the adaptation of the mathematical 
strategy to the Entwurf theory by means of a variational formalism definitely did not 
single out this theory as the only possible one, as he would have hoped. Instead, it opened 
up the possibility of examining other candidate field equations and applying to them the 
extensive network of conclusions that were first developed for the Entwurf theory. The 
linking of this new possibility with the previously discovered weak points of the Entwurf 
theory moved Einstein, after a contemplative phase, to give up his attempts to strengthen 
the Entwurf theory and to return instead to a new exploratory phase. 

A careful analysis discloses that practically all the technical problems that had arisen 
in Einsteins pursuit of the mathematical strategy in the Zurich Notebook could be solved 
in the following two years. This was a direct result of his preoccupation with themes that 
were tied to the Entwurf theory. Thus, although this theory had to be abandoned, it did 
play an essential role in the evolution of the general theory of relativity. 

Einsteins results for the Entwurf theory paradoxically not so much solidified it but 
rather constituted tools that helped him remove the stumbling blocks that had earlier 
prevented him from accepting gravitational field equations based on the Riemann tensor. 

THE FINAL EFFORT: NOVEMBER 1915 

In the fall of 1915, Einstein embarked on a new effort that culminated in November with 
the submission of four articles to the Royal Prussian Academy of Sciences. He began 
with a paper that brought him back to the mathematical road, which he had left three 
years earlier, convinced that he had now found the definitive solution. Only seven days 
later, he published an addendum offering a new interpretation of the same theory cou- 
pled with the provocative, though misguided, claim that all matter is of electromagnetic 
origin. One week later he presented a strong empirical argument in favor of the new the- 
ory, demonstrating its agreement with the observed precession of Mercury’s perihelion. 
Finally, another week later, he revised his theory once more, removing the last stumbling 
block toward a generally covariant theory, or as the historian of science Michel Jans- 
sen put it, untying the knot that Einstein himself had created with the Entwurf theory. 36 
When Einstein sent his academy papers to Arnold Sommerfeld in December 1915, he 
urged him to read them carefully despite the fact “that as you are reading, the final part of 
the battle for the field equations unfolds right in front of your eyes.” 

November 4th In the first of these articles “On the General Theory of Relativ- 
ity,” 37 submitted on November 4th, Einstein explained his change of perspective and his 
renewed search for a covariant field equation: “My efforts in recent years were directed 
towards basing a general theory of relativity, also for non-uniform motion, upon the sup- 
position of relativity. I believed indeed to have found the only law of gravitation that 
complies with a reasonably formulated postulate of general relativity. ... I lost trust in the 
field equations I have derived. . . .” He then recalled regretfully: “I arrived at the demand of 
general covariance, a demand from which I parted, though with a heavy heart, three years 
ago when I worked with my friend Grossmann.” 
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It turned out that a slight adjustment of the expression for the gravitational field itself 
was actually sufficient to turn the mathematical apparatus developed for the Entwurf 
theory to obtain the theory of November 4th, the so-called November theory. The new 
expression for the gravitational field was the Christoffel symbol, which is a combination 
of derivatives of the components of the metric tensor. It is constructed in a more compli- 
cated way than the corresponding expression that represented the gravitational field in 
the case of the Entwurf theory. In this paper Einstein referred to the former version of the 
gravitational field as a “fatal prejudice,” whereas a few weeks later, in a letter to Arnold 
Sommerfeld, he described the identification of the gravitational field with the Christoffel 
symbol as “the key to the solution.” 

The Christoffel symbol is a familiar quantity from the absolute differential calculus, 
and it appears naturally in discussions of the main objects of interest in this calculus: 
the Riemann and Ricci tensors. If the Christoffel symbol is interpreted as the proper 
mathematical expression for the gravitational field, an entirely new perspective opens up. 
Essentially, Einstein needed only to insert the new expression for the gravitational field 
into the mathematical formalism of the Entwurf theory to obtain a new field equation. 
This equation was strikingly similar to one of the candidates that he had already analyzed 
in the Zurich Notebook. 

The November theory did not implement the general relativity principle completely, 
because there was still a slight constraint on the admissible coordinate systems, which 
was implied by the conservation principle. This principle thus necessitated, just as it did 
in the case of the Entwurf theory, a coordinate restriction. However, Einsteins feeling of 
triumph on publishing this theory was fully justified. By adapting the physical arguments 
used to derive the Entwurf theory, he succeeded in reaching a field equation that could 
be derived by the mathematical strategy, that is, by starting from the Riemann tensor and 
thus assuring a broad covariance. Thus the two strategies, the physical and the mathemat- 
ical, had essentially converged; the pieces of the puzzle had assembled in a surprising new 
way. In retrospect everything depended on the reinterpretation of the gravitational field 
as expressed by the Christoffel symbol. 

A few unanswered questions still remained. In particular, the physical meaning of the 
coordinate restriction that followed from the conservation principle was not clear. As 
minor as this restriction may have been, it was still not amenable to an obvious physi- 
cal interpretation. So the tension between the mathematical formalism and the physical 
meaning of the new theory was not entirely dissipated. 

November iith To resolve this tension, on November 11th Einstein submitted an 
addendum 38 to the November 4th paper, which had just appeared in print. In the introduc- 
tion he wrote: “I now want to show here that an even more concise and logical structure 
of the theory can be achieved by introducing an admittedly bold additional hypothesis 
on the structure of matter.” Einstein thus proposed a new interpretation of the formalism 
of the November theory that led him to revive another candidate from the era of the 
Zurich Notebook: the Ricci tensor. If the assumption is made that the only fields occur- 
ring as sources of gravitation are electromagnetic fields, so that ultimately all matter can 
be reduced to the latter, then a field equation based on the Ricci tensor can be formulated 
without imposing any further coordinate restriction. With the introduction of this bold 
assumption, the conservation principle no longer implies any constraint on the admis- 
sible coordinate systems but instead becomes a stipulation on admissible sources of the 
gravitational field. In other words, by temporarily considering a speculative hypothesis 


30 


EINSTEIN'S INTELLECTUAL ODYSSEY 


November 1915: Einstein 
could finally free himself 
from any restrictions on 
the choice of coordinates. 



on the nature of matter, Einstein moved one step closer to his ultimate goal of a generally 
covariant theory of gravitation. 

November i8th On November 18th, Einstein submitted another paper to the Prus- 
sian academy, “Explanation of Perihelion Motion of Mercury from the General Theory 
of Relativity.” 39 This is the only one of the November papers that he also presented orally 
to the academy — apparently hoping to enlist further support for the verification of his 
theory from the astronomers. Einstein was so confident about his new theory that he was 
now willing to make the effort to apply the method he had worked out with Besso — in the 
context of the Entwurf theory — to calculate the perihelion precession, and he obtained 
the correct result. When Einstein saw this result, he was so excited that, as he told one 
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of his colleagues, he had heart palpitations. One day after submitting this paper, David 
Hilbert wrote to him: “Many thanks for your postcard and congratulations on conquer- 
ing perihelion motion. If I could calculate as rapidly as you, in my equations the electron 
would correspondingly have to capitulate, and simultaneously the hydrogen atom would 
have to produce its note of apology about why it does not radiate.” Einstein accepted the 
compliment but omitted to tell Hilbert that there was no need to start from scratch — the 
only requirement was a slight modification of his earlier calculations with Besso. 

In the context of the November theory, Einstein made another important discovery. For 
the first time he realized that the coordinate conditions that followed from the correspon- 
dence principle had an entirely different meaning from the coordinate restrictions that 
followed from the conservation principle. To satisfy the Newtonian limit, it was naturally 
legitimate to select, from among the multitude of allowable coordinates, the coordinate 
system that naturally described a system at rest, corresponding to the conventional choice 
in Newtons gravitational theory. In the modern understanding, the choice of a particular 
coordinate system is thus only a matter of convenience rather than being imposed by the 
theory itself. In principle, this was the case also for Einsteins November theory, although 
the conservation principle still imposed some minor coordinate restrictions. 

November 25TH In the last of the four papers, 40 submitted on November 25th, Ein- 
stein carried out the final crucial step following the inner logic of his research program. 
According to this logic, a theory that fully realizes the general principle of relativity 
should not be restricted by coordinate restrictions due to the conservation principle. 

This goal motivated Einstein to overcome the remaining central tension in the rela- 
tion between mathematical formalism and physical interpretation. The tension expressed 
itself either in a physically meaningless coordinate restriction (in the case of the theory of 
November 4th) or in a speculative hypothesis about the structure of matter (in the case 
of the theory based on the Ricci tensor, presented on November 11th). Both assumptions 
proved to be superfluous in the final version of the theory. All that was required to achieve 
this final version was to change the way in which the sources of the gravitational field 
were inserted on the right-hand side of the gravitational field equation. If the trace of the 
energy-momentum tensor, that is, the sum of its diagonal components, is appropriately 
added to the source term on the right-hand side of the field equation, then all the addi- 
tional conditions become superfluous. In particular, the conservation principle is also 
satisfied as an automatic consequence of the modified field equation. Alternatively, the 
modified expression now known as the Einstein tensor can be used on the left-hand side 
instead of the Ricci tensor; however, Einstein came to this final modification of his theory 
starting from the right-hand side of the field equation. This modification became possible 
only after Einstein had learned — in the context of the calculation of the perihelion motion 
of Mercury — how to properly interpret the Newtonian limit. Contrary to what he had 
believed while working on the Zurich Notebook, Einstein found that the additional term 
on the right-hand side of the field equation indeed did not disturb its compatibility with 
the Newtonian limit. 

In his later writings Einstein frequently emphasized that the new solution to the prob- 
lem of gravitation is a natural consequence of the mathematical theory centered on the 
Riemann tensor, from which the candidates of the mathematical strategy can be obtained. 
So he himself described the breakthrough of late 1915 not as the result of a convergence 
of physical and mathematical strategies but as an exclusive success of the latter. Even 
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in his first November paper, Einstein was fascinated by the power of mathematical for- 
malism to lead to the correct theory: “Nobody who really grasped it can escape from its 
charm, because it signifies a real triumph of the general differential calculus as founded 
by GAUSS, RIEMANN, CHRISTOFFEL, RICCI AND LEVI-CIVITA.” (The names are 
capitalized in the original publication.) 

THE FINAL RACE: ALBERT EINSTEIN VERSUS DAVID HILBERT 

While Einstein was working on the final stages of his theory, a parallel effort was taking 
place in Gottingen, where David Hilbert, the acknowledged leading mathematician of his 
generation, presented his famous paper “On the Foundations of Physics (First Contribu- 
tion).” The published version of this talk to the Gottingen academy contains the correct 
field equation of the theory of general relativity and is dated 20 November 1915, that is, 
five days before the submission of Einsteins final paper. Although Hilbert’s paper was not 
published until 1916, it is often claimed that he should be given priority over Einstein for 
formulating the field equation. At first, Einstein was also concerned that Hilbert might 
claim priority for himself. This was a source of bitter, though brief, contention between 
these two personal and professional friends. 41 


Hilbert and Einstein — 
who got there first? 
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The consensus on Hilbert’s priority underwent a dramatic reversal when galley proofs 
of Hilbert’s academy talk, carrying the stamp “6 December 1915” — thus dating them after 
Einstein’s conclusive paper — were uncovered in his archive. 42 The theory developed in 
Hilbert’s proofs differs distinctly in some important respects from the published version, 
so he must have considerably revised the version documented in the proofs before pub- 
lication. It turned out that the conceptual basis of the proof version of Hilbert’s theory is 
in many respects more similar to Einstein’s Entwurf theory than to the final version of the 
theory of general relativity. Against this background, it now appears unlikely that Hilbert 
had the key for Einstein’s problems at hand or that his contribution represented a triumph 
of a mathematical strategy that needed no interaction with a physical strategy. 

In his paper, Hilbert graciously acknowledged Einstein’s primacy: “The differential 
equations of gravitation that result here are, as it seems to me, in agreement with the mag- 
nificent theory of general relativity established by Einstein.” 43 

THE 1916 MANUSCRIPT: NOT THE END OF THE STORY 

In the fall of 1914, Einstein’s confidence in the Entwurf theory had grown to the point 
that he was encouraged to write an extensive review article, “The Formal Foundation of 
the General Theory of Relativity,” published in the meeting reports of the Royal Prussian 
Academy of Sciences. Referringto the 1915 academy papers, Einstein later wrote to Som- 
merfeld: “unfortunately I have immortalized my final errors in this battle in the academy 
papers.” 44 Referring to his 1914 review article in a letter to his friend Ehrenfest, Einstein 
was even more ironic: “It’s convenient with that fellow Einstein, every year he retracts 
what he wrote the year before.” 45 

After November 25, 1915, Einstein was ready to summarize his general theory of rel- 
ativity in the manuscript reproduced in this book. The first two parts of this manuscript 
closely follow his 1914 summary article based on the Entwurf theory. The introduction 
of the field equation and the discussion of the energy-momentum conservation in the 
manuscript are very different from the corresponding chapter in the 1914 article. In the 
former they closely follow a letter to Paul Ehrenfest in which Einstein responded to ques- 
tions and remarks by his close friend, who had served on many occasions as his sounding 
board. The last section contains the three basic predictions of the theory: the bending of 
light rays in the gravitational field of the sun, the gravitational redshiff , and the precession 
of the perihelion of planet Mercury. 

Appended to the manuscript on general relativity in this text is a five-page manuscript 
titled “Appendix: Formulation of the Theory on the Basis of a Variational Principle.” Judg- 
ing from the equation and paragraph numbers at the beginning of the manuscript, Ein- 
stein intended to include it in the core of the article. He then changed those numbers and 
added the title, indicating that he had decided to publish it as an appendix to the article. 
Ultimately he decided not to include it at all. About seven months later, he published a 
very similar article in the meeting reports of the Prussian Academy of Sciences, titled 
“Hamilton’s Principle and the General Theory of Relativity.” 46 

The addendum fills an important gap in the main body of Einstein’s review paper. 
It establishes the connection between covariance and energy conservation without the 
restriction to unimodular coordinates prevailing in the main paper. Einstein had already 
made this connection, which would eventually culminate in Emmy Noether’s famous 
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theorems about the relation between invariance properties and conservation laws, in the 
Entwurf theory. But the formulation of his final theory using unimodular coordinates 
had impeded Einstein from carrying over this relation. This deficiency was removed in 
the addendum, as Einstein proudly related in correspondence with his friends and col- 
leagues. Thus he wrote to Michele Besso: “You will soon receive a short paper of mine 
about the foundations of general relativity, in which it is shown how the requirement of 
relativity is connected with the energy principle. It is very amusing .” 47 

The differences between the published version and the unpublished manuscript are 
striking, in particular, in Einsteins references to Hilbert and Lorentz. The addendum 
manuscript contains two brief footnotes, whereas in the published paper, these notes 
have a much more visible and prominent place in the opening paragraph, which sets the 
stage for the entire calculation. The elucidation of these differences sheds additional light 
on the final stages of Einsteins road to his theory of general relativity. 




The end? The show 
must go on! 
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These introductory notes have reconstructed the complex process through which 
Einstein’s heuristics led to the formulation of the general theory of relativity in the year 
1915. In particular, the interaction between Einstein’s heuristics and his intermediate 
mathematical results played a key role. These concrete results acquired a new physical 
interpretation, thereby altering the heuristics. However, this interaction did not end with 
the formulation of the field equation in the concluding paper of November 1915. The ten- 
sions between Einstein’s heuristics and the implications of the new theory also character- 
ized its further evolution until at least 1930, and in some respects this process continues 
even today. 
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Why did Einstein go beyond special relativity? 

Why in 1905 did Einstein formulate the theory of special relativity in the first place? Its main 
achievement was an extension of the Galilean-Newtonian relativity principle, which stipulates that 
the laws of mechanics are the same in all inertial frames of reference that move with constant veloc- 
ity with respect to each other. Einstein extended this principle to all laws of physics. The classical 
relativity principle can be described by the mental model of a train (with blocked windows) moving 
at constant velocity. There is no mechanical measurement that passengers on that train can perform 
that will tell them if they are at rest or moving with respect to the platform. 

Can this relativity principle be extended to all physical phenomena, including electromagnetic 
phenomena such as light? According to the then-prevailing interpretation of these phenomena, 
based on Maxwell’s equations, this seemed hardly possible. Light was known to be a wave phenom- 
enon, and such phenomena require the existence of a medium in which to propagate. In the case of 
electromagnetism this medium was called the “ether,” but it turned out to be impossible to detect it 
by experiments. The ether was assumed to be immobile and to constitute a preferred system of ref- 
erence in which the velocity of light, appearing explicitly in Maxwell’s equations, is a constant. Ein- 
stein made the bold assumption, which is incompatible with classical physics, that this constancy 
holds in all inertial frames and that the ether does not exist, thus extending the relativity principle 
to all physical phenomena. If the velocity of light were not constant, the laws of electromagnetism 
would be different in different inertial frames. 

In a popular account of the special and general theory of relativity, published in 1917, Einstein 
stated: “Since the introduction of the special principle of relativity has been justified, every intellect 
which strives after generalization must feel the temptation to venture the step towards the general 
principle of relativity.” While the very few “intellects” who were actually tempted to venture that 
step worked at the margins of physics and remained unsuccessful, Einstein was the only one who 
had persistently followed this intuition since 1907. 

The present manuscript summarizes Einstein’s successful conclusion of this effort to go 
beyond special relativity. On the first page he shifts the intended titles of part A and section 
1 farther down the page to include a few introductory remarks in which he mentions the 
names of people who played an essential role in his discovery of general relativity: 

• Hermann Minkowski, who developed a geometric formulation of the special theory 
of relativity in terms of a four-dimensional spacetime, which became a natural start- 
ing point in the transition from the special to the general theory; 

• Carl Friedrich Gauss, the founding father of geometry on curved surfaces; 

• Bernhard Riemann, Elwin Bruno Christoffel, Gregorio Ricci-Curbastro, and Tullio 
Levi-Civita, the mathematicians who extended the work of Gauss to higher dimen- 
sions and developed the necessary mathematical concepts and methods; 

• Marcel Grossmann, to whom Einstein owed special gratitude for introducing him to 
the mathematical tools and for working with him during the early stages of the devel- 
opment of general relativity. 
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What was wrong with the classical notions of space and time? 


The classical notions of space and time were based not only on practical experiences with rulers and 
clocks, but they also worked well as a foundation of classical mechanics and astronomy — indeed, so 
well that hardly anyone doubted they would ever change. Yet, there were challenges. 

Einsteins extension in 1905 of the classical relativity principle to include electromagnetic phe- 
nomena was based on a reinterpretation of electromagnetism as developed by James Clerk Max- 
well, Heinrich Hertz, and Hendrik Antoon Lorentz. From electromagnetism, Einstein extracted 
the principle that the velocity of light must always remain constant. Together, the relativity princi- 
ple and the constancy of the velocity of light imply fundamental modifications in the conception of 
space and time. Time and space lose their absolute meaning in the sense that such global concepts 
as a particular slicing of space and time are recognized to be of a merely conventional character, 
but this is not what is physically relevant. What is relevant is that, in contrast with classical physics, 
local time in the sense of time measured by a clock depends on the path between two events. The 
special theory of relativity implies far-reaching modifications in the notion of space and time, but 
one aspect of space and time measurements remains unaffected. In classical physics and in special 
relativity, the laws of geometry can be interpreted directly as laws concerning the possible place- 
ments of a rigid body at rest. The same applies to the time interval between two selected positions 
of the hands of a clock at rest with respect to a given reference frame. Einstein alerts the reader to 
the fact that this simple physical interpretation of space and time will have to be abandoned in the 
transition to general relativity. 


Einstein begins his exposition of the transition from the special to the general theory 
of relativity by pointing to a basic epistemological defect in classical Newtonian mechan- 
ics, which was first emphasized by Ernst Mach. He even claims that this deficit holds for 
both classical mechanics and special relativity, without realizing that special relativity had in 
some sense already solved this problem. Einstein demonstrates the problem by the example 
of two bodies, one rotating and the other not. This is his version of the celebrated Newtons 
“two buckets experiment” (also next page). 

Newtonian mechanics is based on the notion that space is absolute by its nature — without 
relation to extraneous objects, always the same and immovable — and that there is a distinc- 
tion between relative and absolute motion. Isaac Newton explains this distinction using his 
bucket experiment. One of two identical buckets filled with water is rotating. The parabolic 
surface of water in the rotating bucket is caused by the centrifugal forces, which are present 
only in this bucket. According to Newton, the rotation occurs with respect to absolute space, 
and the presence of centrifugal forces distinguishes between absolute and relative motion. 
Mach rejected the notion of absolute space and absolute motion, suggesting that the shape of 
the water surface in the rotating bucket can be explained as being produced by rotation with 
respect to the rest of the matter in the universe. The same effect would occur if the bucket 
were at rest and the universe were rotating. Einstein fully embraced Mach’s way of thinking 
and later referred to it as “Mach’s principle.” According to Einstein “Mach clearly recognized 
the weak points of classical mechanics and thus came close to demand a general theory of 
relativity” (in Mach’s obituary, 1916). 
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Why did Einstein see difficulties that others ignored? 

At the beginning of the twentieth century, classical physics was at its apex. It successfully explained 
many phenomena. When new experiments revealed new insights, such as the discovery of new 
forms of radiation, they were not considered as challenges to its fundamental concepts such as 
space and time. Why did Einstein question these foundations? 

Einstein was not primarily a philosopher but, like his colleagues, was interested in physical 
explanations. Yet, he appreciated epistemological thinking in the search for basic principles and 
physical theories. In his formulation of special and general relativity, he thought on several levels: 
that of the concrete phenomena to be explained, that of the available mathematical and theoretical 
tools, and that of the physical concepts employed. He was aware that these concepts were tentative 
human constructs and not given a priori and hence could be modified. 

According to his own testimony, Einstein was deeply influenced by the philosopher David 
Hume and the physicist-philosopher Ernst Mach: “Nobody can deny that epistemologists paved 
the role for progress; and for myself, I know at least that Hume and Mach have helped me a lot, 
both directly and indirectly.” He returned to this point also much later when he wrote, at age 67, his 
Autobiographical Notes, commenting on how difficult it was to get rid of the belief in the absolute 
nature of simultaneity: “To recognize clearly this axiom and its arbitrary character already implies 
the essentials of the solution of the problem. The type of critical reasoning required for the discov- 
ery of this central point was furthered, in my case especially, by the reading of David Humes and 
Ernst Mach’s philosophical writings.” 

During his years in Bern (1902-1908) Einstein formed a reading club with two friends, Maurice 
Solovine and Conrad Habicht, which they called “Olympia Academy.” They read, among others, 
Mach’s The Analysis of Sensations and the Relation of the Physical to the Psychical, and Hume’s A 
Treatise on Human Nature. As a student Einstein also read Mach’s Mechanics. 



ETH-Bibliothek 
Zurich, Bildarchiv 


In the text, Einstein describes his own version of Newton’s bucket argument. He refers to 
a system of two fluid bodies of the same size and nature, separated in space. One of them is 
rotating at constant angular velocity around the axis connecting the two bodies. An observer 
at rest, with respect to either body, sees the other one as rotating, yet the shape of only one 
of them is changed as a result of this rotation. Einstein cannot see any possible cause within 
the system of the two bodies for their different behaviors. He therefore concludes, follow- 
ing Mach, that the difference must be attributed to a cause outside the system, namely, the 
distant masses in the universe. None of the reference frames with respect to which one of 
the two bodies is at rest is privileged. This conclusion leads him to the general principle of 
relativity: The laws of physics must be of such a nature that they apply to systems of reference 
in any kind of motion. 
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What was Einstein's happiest thought and how did it come about? 


In 1922, Einstein delivered a lecture at the University of Kyoto titled “How I Created the Theory of 
Relativity.” There he recalled that “I was sitting in a chair in the patent office in Bern when all of a 
sudden a thought occurred to me that when a person falls freely he will not feel his own weight. I 
was stunned. This simple thought impressed me greatly. It led me to the theory of gravity.” Later in 
life, Einstein referred to this revelation as the “happiest thought” of his life. Why was this idea so 
important for Einstein and what had motivated it? Let us first turn to the role of this idea in Ein- 
steins work on a theory of gravitation. 


On this page, Einstein notes that the gravitational field has the remarkable property of 
imparting the same acceleration to all bodies (“Galileo’s principle”); gravitation and accel- 
eration are to some extent interchangeable. Thus an observer in free fall does not sense the 
effect of gravitation and momentarily feels like an astronaut. 

Similarly, an observer in a uniformly accelerated system of reference in outer space can 
interpret the motion of masses with respect to this system as if the system were at rest but 
exposed to a uniform static gravitational field. This is the core of Einsteins famous equiva- 
lence principle. It allowed him, to some extent, to study gravitational effects with the help 
of accelerated reference frames. Treating these reference frames with the help of the special 
theory of relativity, he was able to gain insights into relativistic properties of the gravitational 
field long before he had formatted a complete theory. Some of the most important heuristic 
hints toward the development of such a theory follow from the equivalence principle, for 
instance, the bending of a light in a gravitational field. 

A beam of light that propagates in a straight line with respect to an inertial frame of ref- 
erence will appear to be deflected in an accelerated frame of reference. From the equivalence 
principle, Einstein inferred that light must be bent in a gravitational field. 

The observation of light bending during a solar eclipse in 1919 catapulted Einstein, almost over- 
night, to the status of world celebrity. 

In classical mechanics, the mass of a material body plays a dual role. First, it determines the 
acceleration of the body caused by a given force. In this context it is called the inertial mass. Mass 
also determines the force on a body in a given gravitational field. In this context it is called the 
gravitational mass. In the footnote on this page, Einstein mentions the Hungarian physicist Lorand 
Eotvos, who proved to a great accuracy that these two masses are equal. From the perspective of 
classical physics, this equality appears as mere coincidence. When Einstein first attempted to for- 
mulate a relativistic theory of gravitation, it no longer seemed to hold. But then he realized that this 
equality automatically holds if one assumes the equivalence principle. This is why Einstein consid- 
ered it his “happiest thought.” 
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Why does Einstein's theory of gravitation require non-Euclidean geometry? 

From a historical perspective the more interesting question is, when and how did Einstein first real- 
ize that his new theory involved non-Euclidean geometry? Although he had found the equivalence 
principle in 1907, it was only in 191 1 that he worked out its consequences and began to develop a 
new theory of gravitation. 

In 1912 Einstein first elaborated a theory of the static gravitational field, analogous to the famil- 
iar Newtonian theory and to the case of a static electrical field. But he knew that his theory would 
also involve dynamical effects of gravitation, analogous to dynamical electromagnetic fields such as 
induction or waves; however, such dynamical effects were not known for gravitation. It is here that 
the equivalence principle again saved him because it suggested considering the forces of accelera- 
tion occurring in a rotating reference frame (like in Newtons rotating bucket) as the analogue to the 
case of a magnetic field in electrodynamics. But the case of rotation also opened new vistas to the 
foundations of the new theory. For Einstein the new theory of gravitation should allow a rotating 
frame of reference to be interpreted as being at rest and the forces occurring in it as a dynamical 
gravitational field. 

To demonstrate why “a more general view” of space and time measurements is required, 
as claimed on page 2, Einstein discusses the case of a system of reference K' that rotates 
with uniform rotational velocity relative to a Galilean system K, like a merry-go-around. He 
compares measurements of the circumference and diameter of a rotating circular disk, using 
measuring rods at rest in system K, with such measurements using rods at rest in system K'. 

For an observer at rest relative to the Galilean system of reference K, the ratio of the cir- 
cumference to the diameter of the rotating disk, measured with rods at rest with respect to 
K, is 7i. If that observer performs the same measurements with measuring rods at rest relative 
to K', the result is different. The rods used to measure the circumference suffer, according to 
special relativity, a Lorentz contraction with respect to that observer; therefore, more rods are 
needed. The length of the rods used to measure the diameter is unaffected; therefore, the ratio 
of the circumference to the diameter is greater than 71 . Thus, Euclidean geometry does not 
apply to the rotating system. Because of the equivalence between rotational acceleration and 
gravitation. Euclidean geometry has to be abandoned in a relativistic theory of gravitation. 

Two of the characteristic features of Euclidean geometry are (1) the sum of angles in a triangle is 180° 
(or n radians), and (2) the ratio of the circumference of a circle to its diameter is Jt. This is no longer 
necessarily the case in a non-Euclidean geometry. The distinction between the different geometries 
is easy to visualize in two dimensions, considering, for example, a plane and a curved surface such as 
a sphere. The study of non-Euclidean geometry in curved spaces was pioneered by the mathemati- 
cian Gauss in the nineteenth century, and Einstein learned about it while he was a student. 
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What is the role of coordinates in the new theory of gravitation? 

To define the position of a point in space, one has to choose a system of coordinates. A convenient 
choice of coordinates in a plane is the Cartesian coordinate system, a grid of straight and perpen- 
dicular lines. Alternatively, one could choose a curvilinear system of coordinates, but in a flat space 
this can always be transformed to Cartesian coordinates. On a curved surface not every choice of a 
coordinate system can be reduced to the Cartesian form. 



The discussion on this and the following pages is the prelude to what would emerge as the cen- 
tral idea of general relativity, namely, that gravity can be considered as the geometry of curved 
spacetime. In January 1921, Einstein gave a lecture before the Prussian Academy of Sciences in 
which he described the role of geometry in physics. He asserted there: “Geometry thus completed 
is evidently a natural science; we may in fact regard it as the most ancient branch of physics. Its 
affirmations rest essentially on induction from experience, but not on logical inferences only. We 
call this ‘practical geometry.’ . . . The question whether the practical geometry of the universe is 
Euclidean or not has a clear meaning, and its answer can only be furnished by experience.” 

The question of the physical significance of coordinates remained a puzzle for Einstein until the 
very completion of his new theory of gravitation. In classical physics, their significance is intuitively 
clear: they serve to identify and label events in space and time with the help of rulers and clocks. 
But the consideration of a rotating frame of reference and its interpretation in terms of a dynamical 
gravitational field showed that this simple relation between coordinates and spacetime measure- 
ments cannot hold. 

After having considered measurement rods, Einstein discusses the strange behavior of 
clocks in a gravitational field. For this purpose, he again uses the mental model of a frame 
of reference K' rotating with respect to a frame at rest K. An observer at the common origin 
of coordinates compares (by means of a light beam) the time on her clock with the time 
shown by a clock at the circumference of the rotating disk. Due to the time dilation of special 
relativity, she finds that the clock at the circumference is lagging her clock. The amount of 
delay depends on the velocity of the clock on the rotating disk, namely, on its distance from 
the origin. The time measured by a clock at rest with respect to a rotating frame of reference 
depends on where the clock may be. According to the equivalence principle, it follows that 
the rate of a clock in a gravitational field must depend on the position of the clock. Einstein 
concludes that, just as spatial coordinate differences cannot directly be measured with a unit 
rod, temporal coordinate differences cannot directly be measured by a normal clock. 

The failure to ascribe a direct physical meaning to a system of coordinates led Einstein to the 
conclusion that all imaginable systems of coordinates are, in principle, suitable for the descrip- 
tion of the laws of nature. Therefore, the equations that represent these laws must remain intact 
with respect to any transformation of coordinates. They must be generally covariant. Einstein 
uses here, for the first time in this manuscript, the concept of general covariance. 
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What is the meaning of general covariance? 

For Einstein, the general covariance of his theory had a deep philosophical meaning. It was the 
mathematical expression of the generalized principle of relativity and thus the cornerstone of his 
theory. This idea was later challenged on the grounds that general covariance is only a mathemat- 
ical property of the equations and not a physical property of nature. It turned out that any theory 
can be formulated in a generally covariant way. Indeed, Newtonian mechanics and special relativity 
also can be given generally covariant formulations. However, these formulations do not get rid of a 
fixed spacetime background in the way general relativity does. 

In elaborating his theory, Einstein at first believed that coordinates could be used by themselves 
to identify events in space and time and thus have a physical meaning. But this idea led to trouble, 
as it seemed to suggest that his theory could not be generally covariant. In fact, by assuming that 
coordinates carry a physical meaning by themselves, he was able in 1913 to construct two distinct 
solutions to the same field equations using an argument that came to be known as the “hole argu- 
ment” because it refers to a matter-free region of spacetime in which the two distinct solutions 
supposedly coexist. From a given solution, a new solution is constructed within the hole by dis- 
torting the original coordinate system and ascribing the value of the field at some point in the new 
coordinate system to a point that has the same coordinate labels in the old system (see the figure). 
At the time, this argument helped Einstein justify the fact that the preliminary Entwurf theory he 
had formulated with Grossmann was indeed not generally covariant. 



But after Einstein formulated the theory of general relativity in 1915, which does not display 
such problems, he still had to get rid of this hole argument. In the course of examining this point, 
Einstein realized that the coordinates do not have an intrinsic physical meaning. It was probably 
the philosopher Moritz Schlick who suggested to him that only physically measurable spacetime 
coincidences, such as the crossing of two light rays or the position of a clock hand, have physical 
meaning. 

This is the complex train of thought that led Einstein to write at the beginning of this 
page: “That this requirement of general co-variance, which takes away from space and time 
the last remainder of physical objectivity, is a natural one, will be seen from the following 
reflection. All our space-time verifications invariably amount to a determination of space- 
time coincidences.” 

Note that Einstein changed the title of section 4 from “The Fundamental Metric Prop- 
erty” to the more descriptive title “The Relation of the Four Co-ordinates to Measurement 
in Space and Time,” which corresponds to his emphasis in the first sentence of the following 
page that the main objective was not to give a logically succinct presentation of the theory 
but to make it intuitively plausible. 
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What is the geometry of spacetime? 

In 1907, Minkowski developed a mathematical formalism for representing physical events in space 
and time and the relations between these events as implied by the special theory of relativity. The 
mathematical formalism consists of a four-dimensional spacetime, in which coordinate systems 
representing physical frames of reference are used to characterize each physical event by four num- 
bers: its three space coordinates and one time coordinate. The time coordinate is always multiplied 
by the constant speed of light, and thus it also acquires the dimension of a spatial coordinate, so 
that Minkowski’s four-dimensional world becomes even more similar to the three-dimensional 
Euclidean world of classical physics. 

On this page, Einstein introduces the concepts of the “line element” and the “metric ten- 
sor.” The line element ds ( d stands for an infinitesimally small difference) is the distance 
between two adjacent points in spacetime. It is expressed in terms of the projections of 
the segment connecting the two points on the lines defining the grid of coordinates — dx^ 
(p = 1,2, 3, 4). In the flat Minkowski spacetime of special relativity, the square of the line ele- 
ment is given by eq. (1). It is essentially the extension of the Pythagorean theorem to four 
dimensions and adaptation to the special nature of the time coordinate. 

In curved four- dimensional spacetime, 10 numbers are needed to calculate the distance 
from one point to any neighboring point, and the expression for ds 2 is now given by eq. (3). 
It is convenient to present these numbers in a 4x4 matrix array g ^ where the first index rep- 
resents the line, and the second, the column of this matrix. This array is the “metric ten- 
sor,” which reflects the geometrical properties of spacetime in the chosen coordinate system. 
Its components, in general, are functions of position in spacetime. The metric tensor has 16 
components, but only 10 of them are independent because of the symmetry between the off- 
diagonal elements, — g I2 =g 2V .... In the flat spacetime of special relativity, the metric tensor 
reduces to the array of eq. (4). In accelerated frames of reference and, hence, in the presence of 
gravitational fields, there will always be nonconstant elements of the metric tensor. 


Ign 

812 

g 13 

g 1 4 \ 

821 

822 

<§23 

.§24 

8si 

832 

g 33 

<§34 

U41 

842 

<§43 

gul 


After Einstein had unsuccessfully attempted to incorporate gravitation into his special theory of 
relativity, he decided to base a relativistic theory of gravitation on the equivalence principle, stating 
that a static gravitational field can be simulated by a reference frame in uniform acceleration. This 
consideration allowed him to use the special relativistic effects in such a moving reference frame to 
draw conclusions about gravitation. He first published the principle in a review article on special 
relativity in 1907. There he also discussed some of its immediate implications, such as the bending 
of light rays in a gravitational field and the effect of gravitation on the pace of clocks. It was not until 
four years later, when Einstein was serving as professor of theoretical physics in the German section 
of the Charles University in Prague (April 191 1— July 1912), that he gave a more complete formula- 
tion of the principle and elaborated its consequences in greater detail. 
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When did Einstein realize that gravitation has to be described 
by a complex mathematical expression? 

In 1911, in Prague, Einstein focused on developing a consistent theory of the static gravitational 
field based on the equivalence principle. Like Newtons theory of gravity, Einstein’s theory involved 
a gravitational potential represented by a single scalar function, now given by a variable speed of 
light. Some basic features of the final theory of general relativity had already been conceived by 
then, among which was the understanding that the source of the gravitational potential is not only 
the mass of concrete bodies but also the equivalent mass of the energy of the gravitational field 
itself. Thus, the gravitational field, generated by the source, can act as its own source, and the field 
equation is bound to be nonlinear. However, as long as Einstein restricted himself to considering 
a static gravitational field, he continued to assume that the gravitational potential was represented 
by a single function. 

When Einstein tried to generalize his preliminary theory of the static gravitational field 
in 1912 during his Prague period, he realized that gravitation must be described by a much 
more complicated mathematical object than in classical physics. Instead of being a single 
scalar function, the gravitational potential in his theory is described by a “metric tensor,” a 
mathematical object with 10 independent functions. At the same time, this object describes 
the geometry of a four- dimensional spacetime. On this basis, gravitation can be conceived of 
as a geometric property of spacetime. It would take a long time, however, to spell out all the 
consequences of this implication. 

The discovery that the gravitational potential is represented by the metric of spacetime is one of 
the most important landmarks on the road to general relativity. One finds a hint at how this break- 
through occurred in the last sentence, in a note added in proof, to the last paper that Einstein wrote 
on gravitation in Prague: “The Hamiltonian equation, which was the last one written down, gives 
an idea about how the equations of motion of a material point in a dynamic gravitational field are 
constructed.” In fact, Einstein had managed to write an equation of his theory of the static field in 
such a way that it suggested a generalization involving the metric tensor. 

In part B, Einstein will do what he promised in the introduction, namely, to develop all 
the necessary tools so that a study of mathematics would not be required to understand 
this paper. Initially, he meant to begin his exposition by describing the basic elements of 
the geometry of curved space: the geodetic line. Then, he decided that some mathematical 
preparation is required and crossed out the line with the intended title of section 5, deferring 
it to section 10. 
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Why tensors, vectors, scalars? 

Tensors are rather complicated mathematical objects. Why are they indispensable in general 
relativity? The laws of physics are formulated as mathematical equations in which the phys- 
ical entities represented on both sides of these equations are functions of position in space 
and time and assume different values for observers in different reference frames, which are 
represented by different coordinate systems. The requirement of general covariance means 
that even though the two sides of an equation may change on transition from one reference 
frame to another, their equality is maintained for all observers, irrespective of their relative 
motion. The mathematical entities with this property are tensors. Vectors and scalars are 
special cases of tensors. 


While vectors and vector analysis were known to physicists through the triumph of electromag- 
netism, tensors were known to only a few specialists working in fields like crystallography. It was 
no surprise, then, that when Einstein realized he would require more sophisticated mathematical 
methods than he was familiar with to make progress, he turned to his friend the mathematician: 
“Grossman, you have got to help me or I will go crazy.” Together they plunged into the absolute dif- 
ferential calculus of Riemann, Ricci, and Levi-Civita, leading from Gaussian geometry of surfaces 
in a three-dimensional space to Riemannian geometry in higher dimensions. 

Einstein then wrote to the physicist Arnold Sommerfeld: “I am now working exclusively on the 
gravitation problem and I believe that, with the help of a mathematical friend here, I will overcome 
all difficulties. ... I have gained enormous respect for mathematics, whose more subtle parts I 
considered until now, in my ignorance, as luxury! Compared to this problem, the original theory of 
relativity is a child’s game.” 



Einstein explains the motivation for presenting a comprehensive account of tensor cal- 
culus and begins with the basic definitions. The simplest tensors are vectors (tensors of rank 
1) and scalars (tensors of rank 0). Vectors are objects that have a magnitude and direction at 
every point in space (later, together with Einstein, we shall confine our discussion to space- 
time) and are represented by a set of components related to the basis vectors defined by the 
coordinate system chosen to describe the points in space. Vectors are denoted by letters of the 
Greek alphabet, and their number is the dimension of space, thus in our case p = 1,2, 3, 4. In 
shifting from one coordinate system, x^, to another, x’^, the components of a vector change — 
because the basis vectors change — as defined by a transformation rule. Contravariant vectors 
(conventionally denoted by upper indices) differ from covariant vectors (denoted by lower 
indices) by how their components are determined by the basis vectors and are characterized 
by different transformation rules. The sum of products of the components of a contravariant 
and a covariant vector (eq. 6) is a function of position in spacetime, which is invariant under 
coordinate transformations. Such functions are called scalars or tensors of rank 0. 
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When did Einstein realize that he needed more sophisticated mathematical methods? 

In his introduction to the Czech edition of his “About the Special and General Theory of Relativity 
in Plain Terms,” from which we have already quoted (p. 9), Einstein recalls: “[T]he decisive idea 
of the analogy between the mathematical formulation of the theory and the Gaussian theory of 
surfaces came to me only in 1912 after my return to Zurich, without being aware at that time of 
the work of Riemann, Ricci and Levi-Civita. This was first brought to my attention by my friend 
Grossmann. . . Einstein truly considered Grossmann his friend. In 1905, he dedicated his doctoral 
dissertation, “A New Determination of Molecular Dimension,” to “My Friend Dr. Marcel Gross- 
mann.” It was Grossmann’s initiative to bring Einstein back to Zurich, to the ETH, after Grossmann 
became the dean of mathematics in 1 9 1 1 . Einstein preferred to accept Grossmann s invitation over 
the option to go to Leiden, the Netherlands, and eventually to become Lorentz’s successor there. 

This “decisive idea,” mentioned in the previous paragraph, marks Einstein’s transition from the 
static to the dynamic relativistic theory of gravitation. Despite the preceding quotation, it is most 
likely that he already knew before going to Zurich that the scalar theory of gravitation had to be 
abandoned and that a more complicated geometry of spacetime was required. At the end of 1 9 1 1 he 
corresponded about this issue with Laue. 

In March 1912, Einstein wrote to his friend Besso: “Lately I have been working like mad on the 
gravitation problem. Now I have gotten to the stage where I am finished with the statics. I do not 
know anything yet about the dynamic field, that will come only now.” The transition to dynamic 
fields would allow Einstein to demonstrate that there are no preferred frames of reference; spe- 
cifically, the same laws should apply in inertial and rotating frames of reference. On this point 
he remarked in the same letter to Besso: “You see that I am still far from being able to conceive 
of rotation as rest! Each step is devilishly difficult, and what I have derived so far is certainly the 
simplest of all.” 

Einstein went on to define tensors of rank 2 denoted by two indices. Such tensors can 
be formed from the 16 products of the elements of two contravariant vectors (the so-called 
outer multiplication). In that case, a contravariant tensor of rank 2 is obtained. In a similar 
way, a covariant tensor, or a mixed tensor, can be formed with one contravariant (upper) 
and one covariant (lower) index. Tensors are characterized by how they transform when a 
coordinate system x u is replaced by another coordinate system x' u . 


Up to eq. (7) Einstein has been using the summation symbol £ with an index below it, indi- 
cating the summation of the terms corresponding to the possible values of that index (in this 
case, four values). Einstein introduces the convention, since widely adopted, that whenever an 
index appears twice, once as a lower and once as an upper index, a summation over that index 
is implied, without the need for the summation symbol. 
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What lessons could be learned from the theory of electromagnetism? 

Newtons theory of gravitation was not sufficient to show the way to a dynamical theory in which 
gravitation propagates in space and time. Einstein realized at an early stage that he could be guided 
toward achieving this goal by the familiar theory of electromagnetism, as formulated by Lorentz. 
The essence of this formulation is that electromagnetism is a field theory, not confined to the inter- 
acting particles but extending to their surroundings. The model describes how the space-filling 
field is generated by the electric charges and currents. The electric field at a point in space is the 
force acting on a unit of electric charge at that point. Thus (electric) matter is considered to be the 
“source” of the field, and the field in turn determines how this matter moves. Likewise, the rela- 
tivistic theory of gravitation is a field theory: a theory of the gravitational field. The mathematical 
representation of the physical processes according to such a model necessarily includes two parts: 

• an equation of motion, describing the motion of particles in a given gravitational field; and 

• a field equation, describing the gravitational field generated by its source — energy and matter. 

Furthermore, Einstein conceived the unification of gravitation and inertia as analogous to the 
unification of the electric and magnetic fields that was so successful in the special theory of rela- 
tivity. There only the electromagnetic field as a whole had a frame-independent meaning, not the 
separate electric or magnetic field. Einstein accepted the Lorentz model as a heuristic guideline, yet 
he soon found that the task of finding a field equation was the most difficult challenge he had to face 
in his search for a relativistic theory of gravitation. 

The tensors of rank 2, which appear in this article, have a symmetry property. This is best 
demonstrated by writing the tensors as a 4x4 matrix. They can be either symmetric, in which 
case components on both sides of the diagonal are equal (A 12 = A 21 , . . .), or antisymmetric, 
in which case they are of opposite sign (A 12 = -A 21 , . . .). Symmetric tensors of rank 2 have 
10 independent components. In antisymmetric tensors, the diagonal elements A n , A 22 , A 33 , 
A 44 vanish, and 6 independent components remain. Tensors of higher rank may have such 
symmetry properties with respect to the interchange of any two indices. 



A symmetric tensor that plays a crucial role in Einsteins theory of gravitation combines 
the energy density, the density of the components of momentum, and the flow of energy and 
momentum into one mathematical object — the energy-momentum tensor. This tensor and 
its relation to the energy-momentum conservation laws will be discussed in greater detail in 
part C of this manuscript. 

An antisymmetric tensor, which will be discussed in greater detail in part D, is the electro- 
magnetic field tensor that combines the components of the electric field (E x , E y , E z ) and the 
magnetic field (H % , H ;l , El z ). Einstein’s special theory of relativity implies that the electric and 
magnetic fields, separately, depend on the frame of reference. This tensor, introduced by Min- 
kowski, has become part of the four- dimensional formulation of special relativity. It allows 
the Maxwell equations, which represent the physical relations between electric and magnetic 
fields, electric charges and electric currents, to be expressed in a simple form. The electro- 
magnetic tensor is often written as a vector of six components and referred to as a six- vector. 
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How can tensors be manipulated to produce new tensors by different tensor operations? 

In these preliminary pages of introduction to tensor calculus, which mainly define concepts 
and provide basic proofs, Einstein is making an effort to make his presentation of the subject 
understandable and complete, and to flow naturally. He refers the reader to the transfor- 
mation laws between different frames of reference, spread over the three previous pages, to 
demonstrate that products of tensors, presented in the middle of this page, are themselves 
tensors. 

On this page, Einstein continues to educate the reader about different tensor operations. 
Specifically, he shows how to form tensors of higher rank by multiplying tensors of lower 
rank, and how to keep track of the covariant and contravariant properties in tensor multi- 
plication. Another tensor operation is contraction: the summation over equal — upper and 
lower — indices of a given tensor. Contraction reduces the rank of a tensor by 2. The con- 
traction of a mixed tensor of rank 2 results in a tensor of rank 0, namely, a “scalar” function 
of coordinates, which is invariant under coordinate transformations. Einstein then refers 
the reader to eq. (6) (see our remark at the end of p. 57), which is used there to show how to 
form an invariant function (a scalar ) by multiplying two vectors. Here he uses this equation 
to define the concept of inner multiplication but decides to cross it out and, more naturally, 
introduces inner multiplication contrasted with mixed multiplication. Doing so, he relies on 
the definition of the concept of contraction of a mixed tensor. 

What were Einstein's heuristic guidelines in his search for a relativistic theory of gravitation? 

When Einstein returned to Zurich and became familiar with the concepts and tools of Riemannian 
geometry and tensor calculus, he was already considering how to incorporate the following known 
physical principles into the mathematical framework that he was learning and constructing: 

• The equivalence principle expresses the relation between gravitation and inertial forces (the 
fictitious forces acting on bodies in accelerated reference frames). 

• The generalized relativity principle aims to eliminate such notions of classical physics as abso- 
lute space and inertial reference frame so that all reference frames are treated on equal footing. 

• The conservation principle requires that the new theory conform to a generalized energy- 
momentum conservation law. In classical mechanics, there are three separate conservation 
laws of mass, energy, and momentum. In special relativity, they are combined into a single 
conservation law referring to the energy-momentum tensor. A theory of general relativity has 
to contain a generalized version of such a conservation law. 

• The correspondence principle requires that the new theory can be reduced to Newton’s theory 
under special limiting conditions, such as low velocities and weak gravitational fields. 


It is worth pointing out an editorial typographic instruction for the printing process of the 
manuscript. Note the two vertical lines bracketing a mathematical equation in the lower part 
of the page. Einstein sometimes included mathematical equations within lines of text. The ver- 
tical lines are the editors instructions to the typesetter to place such a mathematical expression 
on a separate line. The reader will find such vertical lines on a number of pages within this 
manuscript. 
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What was Einstein's strategy in constructing a gravitational field equation? 

We have already emphasized (p. 57) that general covariance requires that the terms in the 
mathematical equations representing the laws of physics be tensors. Therefore, it is import- 
ant to understand the rules of formation of tensors and the tensor character of mathemati- 
cal objects in the context of the physical applications to which Einstein is leading. Thus, he 
continues to present the rules of the formation of tensors by multiplication of two tensors — 
specifically, by “external multiplication,” which leads to a new tensor whose rank is the sum 
of the ranks of the two tensors, and by “mixed multiplication,” which is a combination of 
an “external multiplication” and contraction of an upper index of one of the tensors with a 
lower one of the other. 

Einstein takes great pains in elaborating and explaining all the mathematical instruments 
needed to express his physical ideas. Tie correctly assumed that these instruments were 
unfamiliar to contemporary physicists. Today, these instruments are standard in any intro- 
ductory texts on general relativity and therefore need no further commentary here. Instead, 
let us look back at the formative years when Einstein was considering his plan of action. 

The principles, listed on the preceding page, could serve as starting guidelines for the construc- 
tion of a field equation or as validity criteria of such an equation. The right-hand side of the field 
equation represents the source of the field, and the left-hand side describes by means of a specific 
mathematical procedure — a so-called differential operator — how that source generates the field. In 
this context, two heuristic strategies can be identified in Einsteins search for the final field equa- 
tion. One of them has been referred to as the “physical strategy,” in which Einstein started with an 
object representing the left-hand side of the equation, which gave the correct law of gravitation in 
the classical Newtonian limit, modified it to conserve energy and momentum, and finally checked 
the degree of covariance of the obtained field equation. Thus, this strategy began with an attempt to 
satisfy the requirements of the correspondence and conservation principles. In the complementary 
“mathematical strategy,” based on the newly acquired knowledge of Riemannian geometry, Ein- 
stein began with appropriate candidates for the left-hand side of the field equation, satisfying the 
general relativity principle, and then checked the compatibility with the physical requirements of 
the correspondence and conservation principles. 

Einstein’s double strategy arose from the different roles of the heuristic requirements of the 
principles of general relativity, correspondence, and energy-momentum conservation in the struc- 
ture of the theory. 

Actually Einsteins efforts in the years 1912-1915 can be described as an interplay between 
these two complementary heuristic strategies. 
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Why is the metric tensor so fundamental? 

Readers who have followed Einsteins exposition will remember how the measurement of 
distances in Euclidean space is generalized to spaces of more complicated geometries. In a 
four- dimensional spactime 10 functions are required to this end. They were introduced on 
page 52 [8] in the context of the calculation of the line element in curvilinear coordinates. 
Together these functions constitute a symmetric covariant tensor of rank 2, which Einstein 
refers to as the fundamental tensor, known today as the metric tensor. 

In section 8, Einstein begins to explore the properties of this tensor, which allows cal- 
culation of the line element ds, namely, the distance between two neighboring points in 
spacetime, in terms of the projections dx^on the basis vectors, determined by the chosen 
coordinate system (the unnumbered equation in the middle of the page, which appeared 
previously on p. 8). In this equation, g^is a covariant tensor, and dx^ plays the role of a 
contravariant vector (in spite of the lower index). In Euclidean space, with Cartesian coor- 
dinates, this tensor reduces to the unit matrix (g n = g 22 = g 32 = g 44 = 1 ). In the Minkowski 
space of special relativity, g n = g 22 = g 33 = -1, g 44 = 1, and all the off-diagonal elements are 
zero (eq. 4 on p. 52 [8]). In Euclidean space with curvilinear coordinates, or in curved space- 
time, related to accelerated reference frames or to gravitational fields, the metric in general 
has 10 independent components that are functions of space (spacetime). The matrix repre- 
senting g has an inverse matrix, namely, a matrix that when multiplied by g^ v gives the unit 
matrix (eq. 16). This inverse matrix is the contravariant metric tensor g^ v . 

The metric tensor is the common element of two mathematical traditions. It appeared in the 
expression for the line element in the tradition of differential geometry as well as in the tradition of 
vector analysis of Euclidean space described in terms of curvilinear coordinates. The development 
of vector and tensor calculus was closely associated with the interaction between physics and math- 
ematics in the nineteenth and twentieth centuries. Although the direction of forces already played 
an important role in mechanics, it was only in the context of the development of electrodynamics 
in the late nineteenth century that the vector concept gained prominence because of its role in 
describing the directional properties of the electromagnetic field. At about the same time, the ten- 
sor concept emerged in the context of crystallography to describe the symmetry properties of crys- 
tals. Einstein and Grossmann, through their work on the theory of general relativity, combined this 
tradition ofvector and tensor analysis with the work of Riemann, Christoffel, Ricci, and Levi-Civita 
on differential geometry and on the theory of invariants. In the elaboration of their mathematical 
framework, Einstein and Grossmann created a tensor concept that was much more general than the 
mathematical objects that had been used first in crystallography and then in electrodynamics and 
special relativity. 
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Why is the Zurich Notebook a unique document in the history of physics? 

Einstein and Grossmann first explored the metric tensor in the Zurich Notebook. It is there 
that we find for the first time, in Einstein’s handwriting, the expression for the line element 
ds (first he denoted the metric tensor with a capital G but soon adopted the notation with a 
lowercase g, which he used consistently after that). 



© Hebrew University 


After returning to Zurich from Prague in August 1912, Einstein started his collaboration with Gross- 
mann to search for a gravitational field equation. Einstein documented his efforts during the winter 
of 1912/13 in a notebook, known as the Zurich Notebook, in which he filled whole pages with for- 
mulas and calculations but hardly any explanatory text. The Zurich Notebook is a unique document 
in the history of science, because it sheds light on the intricate process of a scientific discovery con- 
nected with a profound transformation of knowledge. The notebook allowed historians of science 
to decipher some of the blind alleys Einstein pursued and which even caused him to temporally 
abandon the goal of general covariance. The document shows how Einstein alternated between a 
mathematical strategy, starting from the Riemann tensor, and a physical strategy, starting from the 
classical equation for Newtonian gravity (the Poisson equation). In fact, he must have hoped that the 
two strategies would converge, as that would mean he had found a theory that combined his insights 
from the equivalence principle with the requirement of the Newtonian limit. Einstein was already 
very close to the solution of the problem at the end of 1912, but at the time the language of the new 
theory was not yet sufficiently mature to articulate how all these requirements could be reconciled. 


How are volumes measured in curved spacetime? 

Einstein discusses on this page two related mathematical concepts: the “determinant of the 
fundamental tensor” and the “volume element.” The determinant of a matrix is a number 
that can be calculated from its elements. The determinant of a diagonal matrix (with all the 
off-diagonal terms equal to zero) is just the product of the diagonal terms. Thus, the determi- 
nant of a unit matrix is equal to 1. The determinant of the matrix representing the metric in 
special relativity (Minkowski spacetime, eq. 4) is equal to -1. The determinant of the prod- 
uct of two matrices is the product of their determinants. The determinant corresponding to 
a covariant tensor is equal to the reciprocal of the determinant of its contravariant version. 

To be able to formulate integrals in a curved spacetime one needs a volume measure, just 
as in three-dimensional Euclidean space, where one has the volume element dx 1 dx 2 dx y In a 
Riemannian space, the natural volume element dx is given in terms of the coordinate differ- 
entials multiplied by the square root of the absolute value of the determinant of the metric. 
This page concludes with the transformation rules of the volume element between different 
coordinate systems, x and x'^. 



© Hebrew University 
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How can a convenient choice of coordinates simplify the theory? 

The determinants of the metric g and the volume element dz themselves are generally not 
invariant under coordinate transformations, but a certain combination of them is (eq. 18). 
In special relativity, the volume element is invariant because the determinant of the metric 
is invariant. In general relativity, the close neighborhood of a point in spacetime can be 
approximated by the Minkowski metric, just like the surroundings of every point on Earth 
can be approximated by a flat surface. The curvature comes into play in moving away from 
the local neighborhood of that point. However, a set of coordinate transformations known 
as unimodular transformations exists (mathematically characterized by eq. 19), for which 
any volume element is an invariant. In the Minkowski spacetime of special relativity and in 
general relativity the determinant of the metric is always negative. Hence, the restriction to 
unimodular transformations implies that -g = 1 . 

The group of transformations that render the equations of general relativity invariant 
can be broken down into two subgroups: the group of unimodular transformations and 
the group of volume-changing transformations. It can even be shown that the unimodular 
group considered here by Einstein is not only a technical simplification (as he then believed) 
but actually plays a fundamental role in most physical and mathematical applications. 

Until this point the discussion has been purely mathematical. Now Einstein introduces 
the physical motivation: “We shall see later that by such a restriction of the choice of coordi- 
nates it is possible to achieve an important simplification of the laws of nature.” A few lines 
later and on the next page, he emphasizes: “But it would be erroneous to believe that this 
step indicates a partial abandonment of the general postulate of relativity. We do not ask 
‘What are the laws of nature which are covariant in face of all substitutions for which the 
determinant is unity?’ but our question is, ‘What are the generally covariant laws of nature?’ 
It is not until we have formulated these that we simplify their expression by a particular 
choice of the system of reference.” He will repeat and reemphasize this point (see pp. 9 1 [27] 
and 119 [40a]). 

What is the difference between a coordinate condition and a coordinate restriction ? 

The issue of special sets of coordinates accompanied Einstein in the different phases of his search 
for a relativistic theory of gravitation. To check whether a generally covariant field equation can be 
reduced to the Newtonian limit (Poisson equation), one has to impose a specific set of coordinates 
in which Newton’s theory holds true. Such a choice of coordinates is called today a coordinate con- 
dition and does not impinge on the general covariance of the theory. 

It is in principle conceivable that a theory would privilege certain reference frames, as does spe- 
cial relativity with inertial frames. Such a situation could be expressed by a coordinate restriction. 
At the beginning, Einstein did not know whether he would succeed in keeping his new theory of 
gravitation free from such restrictions. In particular, it seemed that the requirement of energy- 
momentum conservation would necessitate such a coordinate restriction. This restriction would 
then still have to be compatible with the possibility to choose a coordinate system in which the 
Newtonian limit could be realized. Einstein faced a complicated interrelation between different 
requirements, which he did not know then how to disentangle, and which first led him to the 
Entwurf theory (p. 83 [23]). 

The restriction to unimodular coordinates adopted here should be viewed as a coordinate con- 
dition intended to simplify the derivation of the final theory. 
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What is the meaning of a "straight line" in curved space, and how 
does a particle move under the influence of gravitation? 


Einstein concludes this section on some aspects of the metric tensor by showing how this 
tensor maybe used to form new tensors. An outer (p. 58 [11]), inner or mixed (p. 62 [13]) 
multiplication of a tensor by the metric tensor produces tensors of different character and 
rank. After a tedious exposition of a variety of properties of the metric tensor, Einstein had 
reached a point where he could introduce a new physically important concept. 

In section 9, Einstein introduces the concept of the geodetic line and derives the mathe- 
matical equation satisfied by the points along this line. 


Gaussian geometry is the study of curves and surfaces in three-dimensional Euclidean space. Geo- 
detic lines on a curved surface are the lines of shortest distance between two points. For example, 
the shortest path between two points on a sphere is a section of the great circle passing through 
these points. This definition applies also to lines in a curved space of any dimension, except that it is 
not possible to visualize their shape in higher dimensions; they are described within the mathemat- 
ical formalism of Riemannian geometry. 

In the Zurich Notebook, Einstein derived a well-known result of classical mechanics: a parti- 
cle constrained to move on a curved surface, without the influence of external forces, will move 
between two points along the geodetic line connecting these points. The same principle applies to 
the free motion of a particle in spacetime, where the effect of gravitation is reflected in the curvature 
of spacetime. Curiously, however, the geodetic line in a curved space, as observed from an arbitrary 
accelerated frame of reference or produced by an arbitrary gravitational field, turns out to be the 
longest possible path between two given points in spacetime. This is a consequence of the peculiar 
mathematical properties of the spacetime metric. In any case, the geodetic can always be defined as 
the path of extremal (minimum or maximum) distance between two points in spacetime. 

The geodetic line is not only a mathematical object; it is the trajectory of force-free motion of a 
particle in a gravitational field. 



The trajectory of the geodetic line is defined in a given frame of reference by the space- 
time coordinates of the points on the line. These coordinates satisfy a mathematical equation 
that is derived here by means of the “variational method.” This method is expressed com- 
pactly by eq. (20) . The integral symbol J is a sum of the line elements ds between point and 
point P 2 , namely, the length of the path between the two points. The letter 8 in front of the 
integral is an infinitesimal variation of this length for different trajectories. The trajectory for 
which the variation is zero is the trajectory of shortest (or longest) length and therefore rep- 
resents the geodetic line. This is the natural generalization of a straight line in Riemannian 
geometry of curved space. 


Eduard asked his father, Albert Einstein, why he was so famous (1922). Einstein responded: “When 
a blind beetle crawls over the surface of a curved branch, it doesn’t notice that the track it has 
covered is indeed curved. I was lucky enough to notice what the beetle didn’t notice.” 
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What is the geometric and physical significance of "Christoffel symbols"? 


The derivation of the geodetic line equation by means of the variational method, described 
on the preceding page, leads to the definition of a mathematical object that plays a central 
role in tensor calculus (differential geometry) — the Christoffel symbol — defined at the bot- 
tom of the page (eq. 21), and a slightly different version thereof is given on the next page (eq. 
23). The symbol describes what happens to vectors and tensors when they are moved along a 
line in a curved space. It is indispensable for tracing the path of geodetic lines, for calculating 
derivatives of tensors, and for characterizing the local properties of specific Riemannian and 
spacetime geometries. 

Why do we need another such fundamental object? We have already mentioned that in 
general relativity the gravitational potential is represented by the metric tensor. The Chris- 
toffel symbol, which is a combination of derivatives of the elements of the metric tensor, 
plays the role of the gravitational force field. We shall return to the Christoffel symbols in 
subsequent pages, both in the context of mathematical concepts in differential geometry 
and of their physical significance in general relativity. Tet us now draw attention to one more 
point. We have emphasized that mathematical equations representing physical laws have to 
be expressed as equations between tensors, yet the Christoffel symbols are not tensors. Thus, 
they will never appear alone in such equations. 



What was Einstein's "fatal prejudice" in the early identification 
of the gravitational field components? 

In classical physics, to every point in space around a distribution of massive bodies one can assign 
a number, the gravitational potential, which measures the gravitational energy of a particle of unit 
mass at that point. Particles that are free to move will move from points of higher to points of lower 
potential. At every point in space, a particle that is free to move will move in the direction of the 
gravitational force vector at that point with an acceleration determined by the strength of the field. 
The components of the gravitational field are the local changes of the gravitational potential along 
the direction of the space coordinates (the derivatives with respect to the space coordinates). 

As mentioned before (p. 55), in general relativity, the single gravitational potential function of 
Newtonian physics is replaced by 10 functions of spacetime coordinates, which are the 10 indepen- 
dent components of the metric tensor The gravitational field components are again determined 
by derivatives of the components of the gravitational potential. To assure the general covariance 
of the theory, these derivatives have to be calculated by the rules of covariant differentiation (p. 79 
[21]). This process leads to the identification of the gravitational field components as the Christoffel 
symbols. 

The realization that the Christoffel symbols, and not simple derivatives of the gravitational 
potentials g , are the gravitational field components was the key element in the final phase of the 
derivation of the general theory of relativity in November 1915. Previously, in 1913, Einstein had 
associated a different mathematical expression with the gravitational field, which led to the Entwurf 
theory (p. 83). On November 4, 1915, in a presentation to the Prussian Academy, he confessed that 
this was “a fatal prejudice.” 
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The geodetic line as the "straightest" possible line and its 
relation to the concept of "affine connection" 

On page 18, the geodetic line is defined as the line of extremal, either shortest or longest, 
distance between two points in spacetime, and its equation is derived by means of the varia- 
tional method. The result of this calculation is given in eq. (22). We shall meet this equation 
again in a slightly different notation on page 92 [28]. There it is presented as the equation of 
motion of a particle in a gravitational field. 

Under certain conditions, the geodetic line can also be characterized as the line for which the tan- 
gent vector remains parallel to itself when moved from point to point along the line (see illustration 
on preceding page). The tangent vector is a unit vector along the tangent direction at a given point 
on the line. Intuitively, this requirement means that the geodetic line is the “straightest” possible 
line between two points. This definition will turn out to be important for understanding the con- 
cept and process of differentiation in a curved space. 



This definition of a geodetic line relies on the concept of a parallel displacement or parallel 
transport of a vector. To apply this concept in Riemannian geometry one has to understand how a 
geometric situation at one point can be compared with that at another point. In this context, math- 
ematicians in the nineteenth century began to explore the notion of connection, which describes 
how geometric data are consistently transported along specific curves. The most elementary type 
of connection and the most relevant for our discussion is the affine connection, which specifies how 
vectors are transported in parallel, along a curve, from one point to another. The affine connection 
is intimately related to the derivative of a vector in a certain direction, namely, to the question, how 
is a vector changed by an infinitesimal transport in a given direction? 

Historically, the infinitesimal perspective of connections in Riemannian geometry began with 
Christoffel and was studied in greater detail in the beginning of the twentieth century by Levi-Civita 
and Ricci. They established a relation between infinitesimal connections, discussed by Christoffel, 
and the notion of parallel transport. Levi-Civita used the notion of parallel transport to clarify 
and illustrate the concept of covariant differentiation. In this context, the affine connection is also 
known as the Levi-Civita connection and is identified with the Christoffel symbol itself. 

The next section is devoted to the formation of tensors from given tensors by differenti- 
ation. This is an important topic because the laws of physics are represented by differential 
equations, and these equations have to be generally covariant. Einstein was aware that these 
laws had already been derived by mathematicians, but he preferred to do it his own way. In a 
previous review article, “Foundation of General Relativity,” submitted to the Prussian Royal 
Academy in October 1914, he wrote: “The laws of these differential expressions have already 
been given by Christoffel, Ricci and Levi-Civita. I give here a particularly simple derivation 
of this, which appears to be new.” The derivation there is identical to the one presented here. 
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How do tensors change between neighboring points, or how can one 
produce new tensors from given tensors by differentiation? 

Einstein’s derivation begins with the differentiation of a scalar function (previous page). He 
shows that the four partial derivatives, with respect to the coordinates, form a (covariant) vec- 
tor (eq. 24) and fully describe how this scalar function varies between neighboring points in 
space. He reaches this conclusion by exploring the change of the scalar function along a curve, 
on which the points are parameterized by their distance s from a fixed point on the curve. 

The next question is, how does this vector, or any (covariant) vector, vary from point to point? The 
first thought could be that such a variation is characterized by the partial derivatives of the four 
components of the vector. It turns out, however, that the 16 parameters obtained by this procedure 
do not form a tensor of rank 2. Moreover, these parameters are not sufficient to describe the change 
of a vector in curvilinear coordinates, in which there are two contributions to the change of a vec- 
tor. First, its direction and/or size may vary. Second, the components of the vector vary because the 
basis vectors, tangent to the coordinate lines, which define these components, change from point to 
point. The latter effect is present even in the case of a constant vector. 

Einstein shows how one can obtain a tensor by differentiation of the vector in eq. (24). To 
this end, he assumes that the curve along which the differentiation is performed is a geodetic 
curve, so that he can use the equation of a geodetic curve and derive the tensor given in eq. 
(26). Einstein refers to this tensor, A^ v , as the “extension” of the vector A . Today, it is called 
the covariant derivative of the vector A^, and the procedure leading to it is called covariant 
differentiation. In modern understanding, it crucially involves the concept of parallel trans- 
port of a vector, making it possible to compare vectors at different points along a curve (see 
illustration). 



The two contributions to the variation of a vector between neighboring points in space, 
described in the previous paragraph, are represented by the two terms on the right-hand side 
of eq. (26). The second term, which is a consequence of the curvilinear nature of the coordi- 
nate system, involves the Christoffel symbol. Neither of the two terms is a tensor, but their 
difference (sum) is a tensor of rank 2. 

Einstein first established this result for a vector derived from a scalar function of coor- 
dinates (eq. 24) and then generalized it to any covariant vector. He did this by showing that 
any (covariant) vector may be represented as a sum of four such vectors derived from scalar 
functions by differentiation. 


80 [22] 


THE ANNOTATED MANUSCRIPT 


(i2) 


O X 1 

StUv / -<?■<-— '3-01 ( y. A 

ail/L / * * ■ * [ 7 -? f. ^ A ^ <■<’ — I ■■ 

- i~‘l (r *i). 

v r* 

^ vi j ^ * ■**■'“■ /Z 4 v <.4 *.«yf in) &Aa, a/*a '+<*-&** ■• yfc 

4 <A Y /4 fli'-Ji-* / »fV 1 ^14 — I 

r a ^ ' 




< / 4 v 4 .a. 


/ c >*^ * 

dU, A~r~^~Zi ~ A ~*~* UtuAp- / ^-/~- / /' 

_cJ^. <dr.^ C^ 7 ^-‘—°*~y ^ c **yf?r~r 

u^i^J^ja^. v» ~~ ~/*r yL ^ MM(:JlL / '^ l 7T? 

^ - r ---^ ^ ct~n+et~~r- 

^ji: &£+4*r — 

7 ^ XwA &u«* ~**U f 

•'• ~ *~r^. ziL mmtz 

~T\ /i '&+ &**■ ^ / / 

ZT ■*- 

h - rrK 

o <r c r # 


Albert Eintftaa Afcbivcu 

mo -m 


l*r - T' l Sir 

q,, l r » 

_ , * y, ,M^jU< - -*V~ ^ ~+*~ ~ u *~ n r • <**• r~'-‘ t '- 

t^-rz^+dt^ *~r* jfc, 

4 ,., ■ ^ -< '.W-f -^ "' w 
.w- :f^2^ w 

^ fJt <yi /^<_/<^-<. ^ - l < *^, 

V*/ /«-v«^»^V# 1^*^, 

( ) rt— ^ 

/t^y j^,.^ **+&~ S'y~. ~~U£C~ /'£*^ e y c 


, ~*-*rPr-t-d • / ^L« l' “ 


Mi*. — X,t *t-L^ 


■&-, z if- feS»« , /*dn>) 



K *c£ 

A|L^. I'vt.« »*»/.» /■ 


/ -Ct &jrL'y >f< y‘ 6-t-- i*J J J J 

euMri^ ~~i+ 

f Q,J,0 &** •£*<* v t, 1 J 5 J V r ^sAsU < . Jkbu/ 

V O (/ if 

e* ~ cs lILg?~'<+ 

Jip^-^4 -•*«, *A., *4.1/ 4^vty444^<. 



THE ANNOTATED MANUSCRIPT 


[22] 81 


Einstein generalizes the procedure of covariant differentiation to covariant tensors of 
rank 2. He derives the result for a tensor, which is produced by outer multiplication of two 
covariant vectors, because every covariant tensor of rank 2 can be represented as a sum of 
four such tensors. In the footnote, he demonstrates this statement. For a tensor of rank 2, one 
has to take into account the effect of the change of the basis vectors between two neighboring 
points in curvilinear coordinates (see explanation on previous page) on the two indices. 
Therefore, the covariant derivative (“extension”) of a covariant tensor of rank 2 (a covariant 
tensor of rank 3) has two terms with Christoffel symbols (eq. 27). 

What is the geometric context of Einstein's mathematical formulation of general relativity? 

The mathematical framework of Einsteins general relativity emerged from the absolute differential 
calculus of Christoffel, Ricci, and Levi-Civita. This framework was built around the concept of 
differential invariants. Its relation to differential geometry and its geometric interpretation became 
more prominent only after the establishment of Einsteins theory. Hermann Weyl, in particular, 
clarified the geometric interpretation of the Riemann-Christoffel curvature tensor and related it to 
the parallel displacement of a vector around a closed loop. 

In his mathematical exposition, Einstein discussed the equation and meaning of the geodetic line 
and thus introduced a key element of non-Euclidean geometry that did not figure in the work of Ricci 
and Levi-Civita. He also realized early on that the four-dimensional spacetime of general relativity 
no longer fit the framework of Euclidean geometry when he considered the thought experiment 
of the rotating disk in 1912. However, he did not systematically introduce non-Euclidean geome- 
try, nor did he interpret his own theory in terms of differential geometry. When he discusses the 
Riemann-Christoffel tensor, for instance, he does not even mention curvature. The geometrization 
of general relativity and the understanding of gravity as being due to the curvature of spacetime is a 
result of the further development and not a presupposition of Einstein’s formulation of the theory. 

In May 1921, Einstein gave a series of lectures on special and general relativity at Princeton 
University. There, unlike in the present manuscript, he acknowledged that covariant differential 
operations on tensors are most satisfactorily recognized by the method introduced by Levi-Civita 
and later used in the context of general relativity by Weyl. In a given vector field, the specific vector 
at point Pj is shifted, parallel to itself, to a neighboring point P,. The difference between the shifted 
vector and the field vector at P 2 may be regarded as the differential of the vector at P r Although 
Einstein did not use the term “affine connection,” this is exactly what it is. This calculation naturally 
renders the Christoffel symbol (p. 78 [21]). 

Toward the end of his life, Einstein summarized his earlier interpretation of his own theory. He 
stressed the role of Levi-Civita’s notion of the displacement of vectors, which was developed only 
after the completion of general relativity, rather than the Riemannian concept of a metric as the 
appropriate mathematical representation of the conceptual key insight of general relativity: the role 
of “background independence”: 

It is well known that around the turn of the century Riemann’s theory of metrical continua, 
which had fallen so completely into oblivion, was revivified and deepened by Ricci and Levi- 
Civita; and that the work of these two decisively advanced the formulation of general relativ- 
ity. However it seems to me that Levi-Civita’s most important contribution lies in the following 
theoretical discovery: the most essential theoretical accomplishment of general relativity, 
namely the elimination of “rigid” space, i.e. of the inertial system, is only indirectly connected 
with the introduction of a Riemannian metric. The immediately essential conceptual element 
is the “displacement field” (]” j k ) which expresses the infinitesimal displacement of vectors. 
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Einstein has already devoted a whole section (section 8) to the discussion of some prop- 
erties of the “fundamental tensor” g^ v . He now lists a number of mathematical relations 
involving this tensor that will be used to introduce basic concepts of differential geometry. 


The f/tfMw/theory as an intermediate step toward the general theory of relativity 


The mathematical concepts and methods presented in part B were already explored in the Zurich 
Notebook (p. 69 [16]). At the end of this effort in 1913, Einstein reached the conclusion that if the 
components of the metric tensor and only their first and second derivatives are included on the 
left-hand side of the gravitational field equation, then the requirement of energy-momentum con- 
servation implies uniquely a system of equations that are not generally covariant. He then gave up 
the search for a generally covariant theory. Instead, he published, together with his mathematician 
friend Grossmann, the “Outline of a Generalized Theory of Relativity and of a Theory of Gravita- 
tion,” which subsequently became known as the Enwurf (outline) theory. It was published in two 
parts: a “Physical Part” by Albert Einstein and a “Mathematical Part” by Marcel Grossmann. The 
field equations there are a direct outcome of the physical strategy (p. 64 [14]). 

This theory was at the same time both a success and a failure. It was a success because Einstein 
and Grossmann had managed to derive a field equation for the new, complex representation of 
the gravitational potential, the metric tensor that was compatible with the Newtonian limit and 
thus seemed to stand on a firm physical basis. The Entwurf theory, however, was also a failure 
because it was not generally covariant, and it remained unclear to what extent it corresponded to 
Einsteins ambition to generalize the relativity principle to accelerated frames of reference. Einstein 
convinced himself at that time that this was the best that could be done. This left many questions 
open: Why, when general covariance was such a plausible heuristic requirement, was it impossible 
to implement it? Which were the reference systems preferred by his theory with Grossmann and 
why were they preferred? Between 1913 and 1915 Einstein attempted to answer these questions and 
to justify the limited covariance of the Entwurf theory. 

In a letter to Lorentz in the spring of 1913, Einstein referred to this lack of general covariance 
as the “ugly dark spot” of the theory, but writing to Besso a year later, he expressed his complete 
satisfaction with the theory. 



MPIWG Library 


This is the longest (in size) page of the manuscript. Einstein finished page 23 and also page 24. 
Then he decided to add a few equations to page 23 and started a new page 23a. He realized that 
he did not need a whole page for this. He cut part of it and pasted it at the bottom of page 23. 
He then had to renumber the equations on page 24. 
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What is the divergence of a vector field? What are other vector field concepts? 

On this page, Einstein introduces the concept of the divergence of a vector. In classical phys- 
ics, the divergence of a vector field at a point in space is the rate at which a physical entity 
“flows” out of a small volume surrounding that point. The divergence measures how much 
the vector field spreads out at each point and describes the strength of the source, in the case 
of an outgoing field, or the strength of the sink, in case of an incoming field. Since the source 
of a static electromagnetic field is the charge, just as the source of the static gravitational field 
is the mass, the divergence of each field is given by the charge or the mass enclosed within a 
small surface surrounding that point. 

The mathematical concept of divergence is related to the physical concept of conservation laws, 
because the divergence allows the behavior of a vector field as given by its sources to be related to 
the net flow through the surface. Let us demonstrate this using the example of the electric charge. 
In special relativity, the electric charge density and the electric current are the four components of 
a vector. The divergence of the charge-current vector in special relativity is the balance between the 
change in time of the charge density and the net flow of charge out of, or into, the region around 
a specific point. Unless charge is destroyed or created, this divergence vanishes, expressing the 
conservation law of electric charge. In general relativity, derivatives should in general be replaced 
by covariant derivatives (p. 78 [21]). It can be shown, however, that the divergence of a vector in 
general relativity has the same mathematical form as in special relativity. 

In addition to the concept of divergence of a vector, Einstein introduces on this page three 
additional mathematical objects of tensor calculus: 

• The rotation (curl) of a vector: a vector field, the lines of which surround an axis in 
space. Applying this operation to the electromagnetic potentials yields the antisym- 
metric electromagnetic field tensor (eq. 59, p. 110 [37]; see also p. 59 [11]). 

• The antisymmetric extension of a six- vector: an antisymmetric tensor of rank 2 has six 
independent components (p. 59 [11]) and is sometimes called a six- vector. Applying 
this operation to the electromagnetic field tensor yields an antisymmetric tensor of 
rank 3 (eq. 60) representing Faraday’s law and Gauss’s law for magnetic fields (pp. Ill 
[37], 113 [38]). 

• The divergence of a six-vector: the divergence of an antisymmetric contravariant 
tensor (a six-vector) is derived here as a step toward the derivation (on the next 
page) of the divergence of a mixed tensor of rank 2, which will appear in the energy- 
momentum conservation law. 
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What is the mathematical formulation of energy-momentum conservation in general relativity? 

On this page, Einstein derives the divergence of a tensor of rank 2. To be more specific, he 
derives here the divergence of a mixed tensor. This is the form of the energy-momentum 
tensor that appears as a source (on the right-hand side) of the gravitational field equation. 

In special relativity, the mathematical procedure of deriving the divergence of a vector is now 
applied to every line of the matrix representing the tensor. Thus, the divergence of a tensor has four 
components: it is a vector. Let us demonstrate the meaning of this concept in the case of the energy- 
momentum tensor, mentioned briefly on page 12. The first three lines contain the density of the 
momentum components at a given point and the flow of these momentum components in the dif- 
ferent spatial directions. The divergence of each line represents the balance between the change in 
time of the specific momentum component enclosed in a small volume around that point and the 
flow of that momentum component out of that volume. When there are no external forces acting on 
the system, the divergence vanishes, which represents the momentum conservation law. The diver- 
gence of the fourth line represents the balance between the change in time of the energy enclosed in 
that volume and its flow in the different directions. In a closed system, when no energy is supplied 
from an external source, this divergence vanishes, representing the energy conservation law. 

The transition from special to general relativity ushers in a new element. The local changes 
(derivatives) of the components of the tensor with respect to the space and time coordinates 
have to be derived in a covariant way (covariant differentiation, p. 79). This procedure intro- 
duces new terms in addition to the ordinary combination of temporal and spatial deriva- 
tives. These terms involve the Christoffel symbols. Their physical significance (p. 75) relates 
the divergence of the electromagnetic tensor to the energy-momentum conservation in gen- 
eral relativity. We shall return to this point on page 99. Another, rather technical, point is the 
fact that we can assign to energy-momentum a covariant, a contravariant, or a mixed tensor. 
Any one of these forms can be changed into another one with the help of a metric tensor. 
Still, we have to make a choice and carefully keep track of it. The choice is made so that the 
equations are most comprehensible and the physical meaning of the quantities involved is 
most conveniently described. It turns out that this is best accomplished when the energy- 
momentum tensor is represented in the mixed form. This is why Einstein, on this page, 
talks about the “divergence of a mixed tensor of rank 2.” In contrast with the case of special 
relativity, however, the vanishing of the covariant derivative of the energy momentum tensor 
cannot be interpreted as the true conservation law of a physical quantity. 
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What is the geometric meaning of the Riemann-Christoffel tensor? 

The Riemann- Christ offel tensor is an important mathematical object in differential geom- 
etry and in general relativity It measures at each point to what extent the geometry in the 
neighborhood of that point is different from flat space (Euclidean space or Minkowski 
spacetime). It cannot be decided on the basis of the metric tensor alone. The metric tensor 
may also vary in flat space owing to the choice of the system of coordinates. The Riemann 
tensor, in contrast, is a convenient and straightforward diagnostic of the nature of space. In 
flat space it vanishes for any choice of the coordinate system. The Riemann tensor is better 
known today as the Riemann curvature tensor. Einstein does not mention the concept of 
curvature until October 1916, when for the first time he refers to the Riemann tensor as the 
Riemann tensor of curvature (p. 41 [A2]). 


Curvature is a central concept in differential geometry. There are conceptually different ways to 
define it, associated with different mathematical objects, the metric tensor, and the affine connec- 
tion. In our case, however, the affine connection maybe derived from the metric. The “affine curva- 
ture” is associated with the notion of parallel transport of vectors as introduced by Levi-Civita. This 
is most simply illustrated in the case of a two-dimensional surface embedded in three-dimensional 
space. Let us take a closed curve on that surface and attach to a point on that curve a vector tangent 
to the surface. Let us now transport that vector along the curve, keeping it parallel to itself. When 
it comes back to its original position, it will coincide with the original vector if the surface is flat or 
deviate from it by a certain angle if the surface is curved. If one takes a small curve around a point 
on the surface, then the ratio of the angle between the original and the final vector and the area 
enclosed by the curve is the curvature at that point. The curvature at a point on a two-dimensional 
surface is a pure number. 

The notion of parallel transport applies also to the analysis of the curvature at a point in four- 
dimensional space, except that the situation is more complicated. The closed curve defining the 
track of the parallel transport can be located in one of infinitely many planes through that point. 
Two vectors are needed to specify the plane in which the parallel transport actually proceeds. More- 
over, at the end of the loop, the angle between the final and the original vector will, in general, not 
be in the plane of the curve of the parallel transport. Thus, a second plane, defined by the initial and 
final vector, is necessary to specify the result of the process. The curvature is again the ratio between 
the angle of deviation and the area of the closed curve, but it now depends on the orientation of the 
two planes involved. Each of the four vectors defining these two planes contributes one index to 
the expression defining the curvature. This expression is the Riemann curvature tensor of rank 4. 



Transporting a vector along a small closed loop necessitates keeping track of the changes 
of the vector as it is moved along the curve. Mathematically, this is equivalent to calculating 
derivatives of a vector. This has to be done by covariant differentiation (p. 79 [21]), which 
introduces Christoffel symbols. Moreover, the comparison of the changes in the vector at 
opposite sides of the closed curve also introduces changes in the Christoffel symbols them- 
selves. Thus, the Riemann (curvature) tensor is a combination of Christoffel symbols and 
their derivatives (eq. 43, on the next page). 
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What was the "presumed gravitational tensor" and why was it abandoned? 


The Riemann tensor appears in the Zurich Notebook in the search for covariant mathematical 
expressions constructed from derivatives of the metric tensor. There it is denoted by the four-index 
symbol ( ik,lm ). It is marked by the label “Grossmann tensor fourth rank,” indicating the role of 
Grossman in bringing it to Einsteins attention. 
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Closely related to the Riemann tensor is the Ricci tensor, which is obtained from the Rie- 
mann tensor by contraction of the contravariant index with one of the covariant indices. The 
result is a sum of two covariant tensors of rank 2 (eq. 44) . The advantage of choosing unimod- 
ular transformations (p. 71 [17]), impTyingg = -1, is now apparent. With this choice one of 
these terms vanishes. Therefore, with this choice of coordinates the formulation of the theory 
is greatly simplified. Einstein emphasizes that this choice of coordinates is adopted only for 
convenience and that after the theory is fully developed, it will be easy to revert to a generally 
covariant formulation. The Ricci tensor is a cornerstone of the general theory of relativity. 


The Ricci tensor is used in the Zurich Notebook to generate candidates for the gravitational tensor in 
the field equations. Again, the name Grossman appears at the head of the page. 
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Einstein labels the second term of this tensor the “presumed gravitational tensor T a ” To accept 
this tensor as the gravitational tensor, he had to verify that it reduces to the Newtonian limit in the 
case of a weak static gravitational field, that it satisfies energy-momentum conservation, and that it 
allows for a generalization of the relativity principle. At the time of the Zurich Notebook, Einstein 
and Grossmann believed that this candidate failed the test and therefore dropped it. It was revived 
in November 1915 after the demise of the Entwurf theory. 
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When did Einstein lose faith in the Entwur1\\\mf. 

On November 4,1915, Einstein announced that he had now found a way to realize his original vision 
of a general principle of relativity, which he saw embodied in the mathematical demand for general 
covariance. On that occasion, he wrote: “I lost trust in the field equations I had derived, and instead, 
looked for a way to limit the possibilities in a natural way. In this pursuit I arrived at the demand of 
general covariance, a demand from which I parted, though with a heavy heart, three years ago when 
I worked together with my friend Grossman. As a matter of fact we were then quite close to that solu- 
tion of the problem, which will be given in the following.” However, it took him until November 25 th 
to finally obtain the solution. 

The mathematical formalism required to derive the field equations of general relativity has now 
been fully described. Einstein continued to struggle with mathematics till the end of his life, not 
only in his efforts to unify gravity and electromagnetism into one theoretical framework but also 
to find an alternative to field theory, for instance, an algebraic theory for the description of reality. 


In January 1943, Einstein received a letter from a young girl, Barbara Lee, from Washington. 
She confided in him: “I am below average in mathematics. I have to work longer in it than most 
of my friends. . . .” To this, Einstein responded: “Do not worry about your difficulties in math- 
ematics; I can assure you that mine are still greater.” 


Part C is essentially a more detailed and comprehensive exposition of the theory pre- 
sented to the Prussian Academy in four consecutive communications in November 1915, 
without explicit reference to that work and without any mention of his previous work with 
Grossman embodied in the Zurich Notebook and in the Entwurf theory. 

How does a particle move in a gravitational field? 

The first step Einstein took was to explore the motion of a particle in a gravitational field. In 
classical physics a material particle moves, according to Newtons first law, along a straight 
line at constant velocity unless it is subjected to a force. Once Einstein recognized, as early 
as 1912, that gravitation is reflected in spacetime geometry, it became clear to him that the 
natural generalization of the straight line is the geodesic, following the straightest possible 
path. He therefore concluded that material particles move along geodetic lines unless they 
are subject to a force (other than gravitation). 

The equation of motion of a particle in a gravitational field (eq. 46) is identical with the 
equation of the geodetic line (eq. 22, p. 76 [20]), except that Einstein has replaced the curly 
brackets notation, representing the Christoffel symbols, with the letter T. The left-hand side 
of the equation is the second derivative of the position of the particle with respect to the dis- 
tance along the path of motion (the geodetic line). This distance is measured in units of time. 
Thus, the left-hand side is the acceleration of the particle. In relativity this time is called the 
proper time, and when the velocities are much smaller than the velocity of light, it reduces 
to ordinary time. According to Einstein, the Christoffel symbols represent the gravitational 
field, so when there is no gravitational field they vanish, the acceleration is zero, and parti- 
cles move at constant velocity. In Newtons theory, acceleration depends on the gravitational 
field; eq. 46 replaces Newton’s equation of motion in general relativity. 

Einstein had already found the correct equation of motion in the summer of 1912. It was the field 

equation that posed the greatest challenge. 
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What was Einstein's greatest challenge? 

The greatest challenge of Einstein’s search for a relativistic theory of gravitation was the 
search for a field equation that generalized Newtons theory in a plausible way and at the 
same time combined the insights following from the equivalence principle with those of 
special relativity. Here, Einstein’s exposition reveals few traces of his earlier struggles and 
instead accentuates the mathematical elegance. We have already emphasized that gravita- 
tional fields are generated by matter. However, a gravitational field can exist without matter 
as its source. Einstein begins with this special case and shows that the mathematical frame- 
work of the absolute differential calculus almost immediately suggests a field equation. The 
actual field equation will then follow from the condition that it must represent a natural 
generalization of the case in which no matter is present. 

Einstein’s starting point is the Riemann-Christoffel tensor of rank 4, introduced earlier. 
Einstein had long realized that, in analogy with electromagnetism, the right-hand side of the 
equation, corresponding to the source of the field, must be the energy-momentum tensor of 
rank 2. Therefore, the left-hand side, which describes the geometry of spacetime represent- 
ing the gravitational field, must be also a tensor of rank 2. We have already seen such a tensor, 
obtained by a contraction of the Riemann-Christoffel tensor (eq. 44, p. 90 [27]). It reduces to 
the Ricci tensor R^ v , confined to unimodular coordinates (-g =1). This is the left hand-side 
of the field equation (47), where the Christoffel symbols are expressed by T. In the absence of 
matter, the right-hand side of this equation is zero. 

At this point, however, Einstein renounced such physical arguments, suggesting that 
the field equation for the case of the absence of matter follows almost immediately from his 
“mathematical strategy.” He first considered the field equation without matter, requiring it 
also to cover the case of special relativity or, more specifically, the case in which the com- 
ponents of the metric tensor are constant in a certain region and in a certain coordinate 
system. In this case, all components of the Riemann tensor vanish. Thus, the field equation 
has to be satisfied if the Riemann tensor vanishes. Einstein then argues that this condition 
would be too restrictive and that a natural way to relax it would be to require that only 
the components of the Ricci tensor vanish. This would give him the field equation for the 
matter-free case (eq. 47). 

Einstein concludes the last two sections with a statement (on the next page), which is 
appropriate to present in his own words: “These equations (47), which proceed, by the 
method of pure mathematics, from the requirement of the general theory of relativity, give 
us, in combination with the equations of motion (46), to a first approximation Newton’s law 
of attraction, and to a second approximation the explanation of the motion of the perihelion 
of the planet Mercury discovered by Leverrier. . . . These facts must in my opinion, be taken 
as convincing proof of the correctness of the theory.” 

Einstein is referring here to the calculation of the precession of the perihelion of planet 
Mercury, which was the content of his third communication presented in November 1915 
to the Prussian Academy of Sciences. This remark seems to be a little out of context here, but 
Einstein sought to reassure the reader that he was on the right track. 
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What is the Lagrangian formalism, and what was its role in the genesis of general relativity? 

After presenting his rapidly evolving new gravitation theory in November 1915, summarized in 
short, hastily written communications submitted to the Prussian Academy, Einstein exchanged 
several letters with friends in Leiden, the theoretical physicists Lorentz and Ehrenfest. They sup- 
ported his work and general conclusions but had a number of queries, which Einstein tried to 
explain by referring to the November papers. Sometime around the end of January 1916 or later 
(we do not have the exact date), he realized that they deserved a detailed explanation of how he 
had derived the gravitational field equation. He wrote to Ehrenfest: “Today you should finally be 
content with me. I am delighted about the great interest you are devoting to this problem. I am not 
going to support myself at all on the papers but shall calculate everything for you.” Einstein asked 
Ehrenfest to show this letter to Lorentz as well, and to return the letter to him, “because nowhere do 
I have these things so nicely in one place.” 

Einstein probably had this letter in front of him when he wrote part C of the manuscript. The 
derivations from section 15 onward closely follow this letter, apart from the Christoffel symbols, 
which are still denoted by curly bracketed expressions. It is interesting to note that it is in this letter 
that Einstein explicitly introduced the summation convention (p. 59). 

It remained for him to show that the gravitational field alone, without a “matter” source 
defined by eq. (47), satisfies the energy-momentum conservation law. To this end, Einstein 
applied the Lagrangian formalism, which he had used in 1914 to derive the field equations 
of the Entwurf theory. He believed then that this derivation implied uniquely the Entwurf 
equations. It turned out that this conclusion was wrong, but at the time it solidified his con- 
fidence in the validity of the theory. 

What is the Lagrangian formalism that played such an important role in the development of gen- 
eral relativity? Newton’s mechanics is based on the concept of force, which is mathematically rep- 
resented by a vector. Beginning with the work of Leibniz and its extension by Euler, Lagrange, and 
Hamilton, an alternative emerged that extends well beyond mechanics. This approach is based on 
the characterization of a physical process, such as the motion of a particle, as a quantity — usually 
called Lagrangian or Hamiltonian, but referred to here as Hamiltonian — and depends on the 
parameters describing the state of the system and their derivatives with respect to the space (or 
spacetime) coordinates. The dynamics is described by a variational principle instead of an equation 
of motion. According to the procedure, first introduced by Hamilton, the initial and final points of 
a motion are fixed, and the possible paths between them are characterized by a certain scalar quan- 
tity, referred to as the action, which may be obtained by the time integral of the Lagrangian. The 
actual motion of the particle (or the dynamics of the physical system) is given by an extremal (min- 
imum or maximum) value of this integral. From Hamilton’s “variational principle,” it is then possi- 
ble to derive certain differential equations for the motion, the so-called Euler-Lagrange equations. 
The Lagrangian formalism is one of the main tools for describing the dynamics of a vast variety of 
physical systems. It has been applied to derive the field equations of electromagnetism. In the case 
of fields, the Lagrangian looks like a scalar but is actually a scalar density, that is, a scalar multiplied 
by a factor depending on the coordinate transformation to ensure the preservation of volumes. 

For Einstein, the Lagrangian formulation of the fundamental equations of general relativity had 
the advantage of allowing an elegant demonstration of their compatibility with the requirement of 
energy- momentum conservation, which had previously constituted a major problem in his search 
for the correct field equations. 
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What happens to the energy-momentum conservation principle in the absence 
of matter, or can the gravitational field be a source of itself? 

Einstein first applies the Lagrangian (he refers to it as the Hamiltonian) formalism to derive 
the gravitational field equation in the absence of matter (eq. 47). Next, he reformulates this 
equation, and in the process, a new set of quantities, f|), appear that look like the compo- 
nents of a tensor. However, is not a tensor. Rather, it represents the energy and momen- 
tum of the gravitational field, which is not a covariant quantity but one that depends on the 
chosen reference frame. Still, the reformulation of the field equation with the help of this 
energy-momentum “complex” of the gravitational field played an important heuristic role 
for Einstein, suggesting the form in which the energy-momentum tensor of matter should 
be introduced into the field equation. The first of the equations (49) represents the conser- 
vation law of the energy-momentum of the gravitational field. In this form, it is valid in all 
systems of coordinates for which g = -1. 

Einstein was already aware in 1912 of the importance of the energy-momentum of the gravitational 
field and its role in the gravitational field equation while he was working on the theory of the static 
gravitational field. His first version of the theory violated energy- momentum conservation. When 
he added a term to correct this, he realized that it represented the energy- momentum of the gravi- 
tational field itself. This insight shaped his further search for the field equation. 


Who was Einstein's main competitor? 

Einstein’s final phase in completing his theory of general relativity in November 1915 was a solitary 
effort. He had little correspondence on the subject, apart from that with the mathematician David 
Hilbert with whom he communicated on the progress of their respective work. Hilbert had a long- 
standing interest in fundamental issues within his program of an axiomatization of physics. He was 
drawn to the electrodynamic theory of matter published by Gustav Mie in 1912. Hilbert’s hope was 
that particles such as the electron could be derived from the electromagnetic field. They would be 
represented by singular point-like structures of the electromagnetic field lines. 

After Einstein’s visit in Gottingen, at Hilbert’s invitation, in the summer of 1915, Hilbert 
attempted to integrate Mies theory of matter with Einstein’s theory of gravitation, but still taking 
the Entwurf theory as his starting point. Hilbert and Einstein exchanged criticism and preliminary 
results, directly and possibly indirectly through others. Still, it is clear that Einstein completed the 
last steps of his theory along the pathways of his previous research. 

In November 1915, Hilbert was close to completing his integrated theory of electrodynamics 
and relativity and became Einstein’s competitor for priority in formulating the field equation of the 
gravitational field. 
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How can the field equation without matter be generalized to include matter? 

Einstein has used the variational method to derive the field equation in the absence of matter 
(eq. 47). The problem now is to generalize this equation in the presence of matter. To this 
end, Einstein proceeds to cast it in yet a third form, “which is particularly suitable for a lively 
apprehension of our subject.” In this form (eq. 51) the expression identified as the energy- 
momentum of the gravitational field appears on the right-hand side of the equation and acts 
as the source of the field. All that is necessary now is to add to the right-hand side the energy- 
momentum of matter and give it the same form in which the energy- momentum expression 
of the gravitational field enters the equation. 

As the last step, before generalizing this equation to include ordinary matter, Einstein 
looks back at the gravitational field equation in Newtonian theory (the so-called Poisson 
equation) in which the mass density p is the source of the field cp. 

In his Autobiographical Notes, Einstein comments on the role of the Poisson equation in the emer- 
gence of the field concept in physics. This equation is a way of expressing Newtons famous law of 
gravitation in terms of a space-filling potential that gives everywhere rise to a field, and hence to a 
force, behaving according to this law. But while the force law itself, describing how the gravitational 
force changes with distance, seems arbitrary, the Poisson equation relates the gravitational poten- 
tial to a property of space itself, thus anticipating the later concept of “field,” as Einstein points out 
in a discussion of Newtonian mechanics and its concept of force: 

The law of motion is precise, although empty as long as the expression for the forces is not 
given. For postulating the latter, however, there is an enormous degree of arbitrariness, espe- 
cially if one drops the requirement, which is not very natural in any case, that the forces 
depend only on the coordinates (and not, for example, on their derivatives with respect 
to time). Within the framework of that theory alone, it is entirely arbitrary that the forces 
of gravitation (and electricity), which come from one point, are governed by the potential 
function (1/r). Additional remark: it has long been known that this function is the spheri- 
cally symmetrical solution of the simplest (rotation-invariant) differential equation A4> = 0; 
it would therefore not have been far-fetched to regard this as a clue that this function was 
to be considered as resulting from a spatial law, an approach that would have eliminated the 
arbitrariness in the force law. This is really the first insight that suggests a turning away from 
the theory of action at a distance, a development that — prepared by Faraday, Maxwell, and 
Hertz — really begins only later in response to the external pressure of experimental data. 
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The gravitational field equation — at last! 

In general relativity the mass density, appearing on the right-hand side of the Poisson equa- 
tion, is replaced by the energy-momentum tensor of matter. On the previous page, Ein- 
stein has prepared the way in which this tensor has to be introduced as a source term of 
the field equation. He then requires that the energy-momentum of matter and the energy- 
momentum of the field enter the field equation on the same footing. This requirement is the 
main motivation for assuming the particular form (eq. 52, which is then easily transformed 
to eq. 53) of Einstein’s field equation. He then further clarifies that the main justification for 
this postulated field equation is the physical consequences deduced from it. Specifically, this 
will lead to the conservation of the total energy-momentum of matter and of the gravita- 
tional field (on the next page). 

Equation (53) represents the triumphal achievement of Einsteins effort in searching for 
a generally covariant equation for the gravitational field. He recalled this achievement as a 
result of the mathematical strategy, rather than as the outcome of an intricate search for the 
convergence of physical and mathematical strategies. The left-hand side of the field equa- 
tion is the explicit form of the Ricci tensor, which Einstein had already identified as the 
central element in general relativity in 1912. The source of the field on the right-hand side is 
introduced in a different way than before, namely, with an additional term: the trace of the 
energy-momentum tensor (the sum of its diagonal components). 

If one insists on the usual form of the right-hand side, one has to modify the left-hand side of the 
equation, adding the trace of the Ricci tensor. The modified expression on the left-hand side is 
known as the Einstein tensor. The latter is the standard form of the gravitational field equation as 
known today. This form was adopted by Einstein by the year 1918. 


R v .v-Vig v .v R = - kT nv 


Years later, in 1936, Einstein described this equation as follows: 

“The theory ... is similar to a building, one wing of which is made of fine marble (the left wing 
of the equation), but the other wing of which is built of low-grade wood (the right wing of the 
equation). The phenomenological representation of matter is, in fact, only a crude substitute for a 
representation which would do justice to all known properties of matter.” 
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How is the conservation principle satisfied in a way that Einstein did 
not expect in the early stages of development of his theory? 

Einstein now shows that the postulated field equation satisfies energy-momentum conser- 
vation, stressing that it is the sum of energy-momentum of matter and of the gravitation 
field that is conserved and not the two components separately (eq. 56). This is the resolution 
of the problem that disturbed Einstein during the long search for a generally covariant field 
equation. Originally, the energy- momentum conservation principle was a separate require- 
ment that seemed to be incompatible with general covariance. To satisfy the conservation 
principle, he had to restrict the allowed coordinate systems and thereby give up general 
covariance. 

Einsteins four communications to the Prussian Academy of Sciences in November 1915 began 
with his return to exactly the equation he had considered three years earlier with Grossmann but 
abandoned because he had not been able to prove its compatibility with energy-momentum con- 
servation. Now, however, on the basis of the variational formalism, Einstein was able to solve this 
problem. But one condition remained, resulting from the requirement of energy-momentum con- 
servation. At this stage, the condition -g = 1 still served as a coordinate restriction (p. 71). Thus, in 
this “November field equation” there was still a discrepancy between covariance and conservation 
laws. In his next paper, published a week later, Einstein attempted to use this discrepancy to argue 
in favor of an electromagnetic origin of matter. Assuming a purely electromagnetic nature of mat- 
ter imposed a condition on its energy-momentum tensor that would solve this puzzle. It was on 
the basis of this modified theory that Einstein calculated the Mercury perihelion shift, finding the 
correct value. At the same time, he discovered in the course of his calculation that he had to revise 
his ideas about how the new theory would yield the limiting case of Newtonian gravitation theory. 
This discovery then finally opened the gate for introducing the energy-momentum of matter in a 
slightly different way into the field equation, with the implication that conservation laws no longer 
imposed an additional condition that restricted general covariance. 

Thus, Einsteins attempts to solve the discrepancy between covariance and conservation laws 
paved his way to the final field equation, which he published on November 25th. From a generally 
covariant field equation, energy-momentum conservation can be derived as a consequence. Ein- 
stein concluded the last paper stating, with relief, that “the postulate of general relativity cannot 
reveal to us anything new and different about the essence of various processes in nature than what 
the special theory of relativity already taught us. The opinions I recently voiced here in this regard 
were in error.” 

On the day that Einstein made the first presentation of his theory to the Prussian Academy of 
Sciences, he wrote a letter to his son Hans Albert: “You can learn a lot of good things from me that 
no one else can offer you. The things I have gained from so much strenuous work should be of value 
not only to strangers but especially to my own boys. In the last few days I completed one of the finest 

papers of my life. When you are older I will tell you about it I am often so engrossed in my work 

that I forget to eat lunch.” 
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Do physical conservation laws follow from symmetries in nature? 

In the last step of the deductive construction of his theory, Einstein established a bridge 
to the work of Hilbert, incorporating one of its central mathematical results — the relation 
between conservation and covariance that was later generalized in Noether’s theorem — into 
his newly established theory of gravitation. In the context of the Entwurf theory, Einstein had 
developed this relation in his own terms. He later elaborated on it in a paper he published 
in October 1916 to be discussed in detail in the annotations to the appendix (pp. 130-139 
[A1-A5]). In the manuscript, he acknowledged Hilberts publication with a footnote (at the 
bottom of the next manuscript page). 

Emmy Noether was a German mathematician working alongside Hilbert in Gottingen, one of the 
great centers of mathematics in those days. She is known for her groundbreaking contributions 
to abstract algebra and theoretical physics. In physics, she is best known for what is now called 
Noether’s theorem. The theorem says that every symmetry is associated with a corresponding con- 
servation law. Noethers theorem has been considered one of the most important mathematical 
theorems guiding the development of modern physics. In the context of general relativity, gen- 
eral covariance can be interpreted as a basic symmetry characterizing the spacetime geometry of 
the universe, and energy- momentum conservation is the associated conservation law implied by 
Noether’s theorem. After her death in 1935, Einstein wrote about her in a letter to the New York 
Times: “In the judgment of the most competent living mathematicians, Fraulein Noether was the 
most significant creative mathematical genius thus far produced since the higher education of 
women began.” 

In conclusion of part C of the manuscript, it is interesting to look back at the difficul- 
ties that Einstein faced in 1912-13, and how these were resolved in his “November theory.” 
In his search for a gravitational field equation, the requirement of being able to choose a 
coordinate system in which the Newtonian limit (as he understood it) could be realized 
and the requirement of energy-momentum conservation became entangled. Einstein finally 
succeeded in disentangling these problems when he realized that a field equation based on 
the November tensor could be made compatible with energy-momentum conservation by 
imposing just one weak coordinate restriction. This allowed him to see that what he needed 
to recover the Poisson equation from his almost generally covariant theory was just a coordi- 
nate condition and no longer a coordinate restriction. He managed to decouple the problem 
of energy-momentum conservation from the problem of recovering the Poisson equation, 
thus untying the knot that had hindered progress toward a generally covariant theory of 
gravitation in the Zurich Notebook. 

On the day following Einstein’s presentation of the final version of his theory, he wrote to his friend 
Zangger: “The theory is of unequalled beauty. But just one of my colleagues has really understood 
it, and that one is cleverly trying to appropriate it.” David Hilbert did not appropriate it, although 
he did walk in Einstein’s footsteps. In his paper, he acknowledged that Einstein deserved the credit 
for discovering the general theory of relativity: “The differential equations of gravitation that result 
here are, as it seems to me, in agreement with the magnificent theory of general relativity estab- 
lished by Einstein.” 
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How do established theories in physics, like hydrodynamics 
and electromagnetism, fit into the new theory of gravitation? 

In part C, Einstein had derived the gravitational field equation (eq. 53) in which the covari- 
ant energy-momentum tensor T^ v represents all the physical entities, except for the gravita- 
tional field itself. He refers to everything outside of the gravitational field as “matter.” With 
the help of the mathematical tools developed in part B, he now examines how two such 
“material” examples (hydrodynamics and electromagnetism) fit into the framework of gen- 
eral relativity. He emphasizes that without the need for any new physical hypothesis, the 
effect of the gravitational field on these material phenomena can be determined. The refor- 
mulation of the well-known special relativistic equations of hydrodynamics and electrody- 
namics in this new context does not lead to any further conditions on the material processes 
described by them. 

Einstein leaves open whether the combination of the new theory of gravitation with elec- 
trodynamics will lead to a new theory of matter, which contemporary scientists such as Gus- 
tav Mie had tried to build on electrodynamics alone. Einstein alludes here to the challenge 
of bringing electromagnetism and gravitation into the framework of a single theory, without 
mentioning explicitly Hilbert’s effort in that direction. This precedes by several years Ein- 
stein’s own serious effort to embark on the search for such a unified theory. Though unsuc- 
cessful, this effort occupied him until the end of his life. 

In November 1914, Einstein published a review article on “The Formal Foundation of the Gen- 
eral Theory of Relativity,” summarizing the Einstein-Grossmann Entwurf theory. In this article, 
he derived the equations of hydrodynamics and the field equations of the electrodynamics of 
moving bodies, referring to both cases as “the laws of material processes.” These equations remain 
unchanged also in the final theory. The only difference is that the field potentials g , which appear 
in these equations, have to be derived from the correct gravitational field equations. Part D of the 
present manuscript is an abbreviated version of the corresponding sections in the 1914 article, 
except that the treatment of the electromagnetic energy-momentum tensor is greatly simplified. 
Specifically, Einstein got rid of the “six-vectors,” which complicated previous formulations of this 
subject (also on the next page). 

In addition to the mass and energy density, the inner pressure p is also a source of the 
gravitational field and appears in the energy-momentum tensor. Inner pressure is related 
to the random motion of particles constituting the massive medium. This motion carries 
energy and, like every type of energy, contributes to the gravitational field. The generally 
relativistic Euler equations are the four equations obtained by applying equation (57a) to the 
mixed form of this tensor (eq. 58b). 

Around the mid-eighteenth century, Leonhard Euler published a set of equations governing the 
motion of incompressible fluids. These equations essentially expressed the conservation of mass 
and momentum in any hydrodynamic process. An energy conservation equation was obtained 
almost a century later, but all three equations today are referred to as Euler’s equations. With 
the discovery of special relativity, mass, energy, and momentum are combined into one energy- 
momentum tensor. Euler’s equations in special relativity are obtained by setting the four compo- 
nents of the covariant divergence of this tensor to zero. 
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How did Maxwell represent the laws of electromagnetism by mathematical 
equations and how are these equations affected by gravitation? 

In this section, Einstein essentially reproduces his “New Formal Interpretation of Maxwell’s 
Field Equations of Electrodynamics,” which he published in the reports of the Prussian 
Academy a few months earlier. That publication constitutes a simplification of the exposition 
of the same subject in his 1914 review article “The Formal Foundation of General Theory 
of Relativity.” It allows an immediate transition to the general theory of relativity. Einstein 
was pleased by this new simplified covariant formulation of Maxwell’s equations and corre- 
sponded about it with Torentz. In September 1915, he was happy to inform Torentz that “I 
have also found a proof for the validity of the energy-momentum conservation principle for 
the electromagnetic field taking gravitation into consideration, as well as a simple covariant 
theoretical representation of the vacuum equations in which the “dual” six-vector concept 
proves unessential.” 

By the mid-nineteenth century, the British physicist Michael Faraday and the Scottish physicist and 
mathematician James Clerk Maxwell had introduced the concept of electric and magnetic fields. 
At that time, several physical laws about the relations between electric charges and currents, and 
electric and magnetic fields, had been empirically established: 

• Gauss’s law, describing the static electric field, produced by (positive or negative) electric 
charges. 

• Gauss’s law for magnetic fields, stating that there are no magnetic charges (so-called magnetic 
monopoles) in nature. They always appear in pairs (dipoles) like the “south pole” and “north 
pole” of a magnetic compass needle. Static magnetic fields, produced by magnetic materials, 
are generated by such dipoles. 

• Ampere’s law, stating that an electric current produces a magnetic field. The magnetic field 
lines surround the current in a closed loop. 

• Faraday’s law, stating that a time-varying magnetic field generates an electric field. The electric 
field lines surround the magnetic field in a closed loop. 

Maxwell added to these laws an additional statement that a magnetic field can be produced also 
by a time-varying electric field. Thus, a time-varying electric field acts like an electric current (the 
so-called displacement current). This was not required by any experimental result but was a conse- 
quence of Maxwell’s ingenious insight. Around 1862, he published the first version of a set of math- 
ematical equations describing all these laws. These equations are the celebrated Maxwell equations. 
They constitute the greatest unification scheme in the history of classical physics, combining elec- 
tricity, magnetism, and optics into one framework. They predict the existence of electromagnetic 
waves propagating through space with the velocity of light, c. 

In line with Minkowski’s formulation of special relativity, it became possible to derive 
Maxwell’s equations from the antisymmetric electromagnetic tensor F^ v , constructed from 
the derivatives of the electromagnetic potentials (electric and magnetic fields). Einstein 
begins this process on the present page. In 1912 Friedrich Kottler was the first to write down 
Maxwell’s equations in generalized coordinates. 
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What was the role of "ether" in prerelativity physics and why did Einstein 
eventually think that space without ether is unthinkable? 

The velocity of light c appears explicitly in Maxwell’s equations. This raised the question: with 
respect to what is this velocity measured? Physicists assumed that a weightless invisible medium 
permeates all space and provides an absolute reference frame with respect to which the velocity of 
light is defined. This medium was also meant to transmit the forces that act on electric charges and 
magnetic poles. Einsteins basic postulate underlying his special theory of relativity is the constancy 
of the speed of light in all reference frames, which move with constant velocity with respect to each 
other (inertial reference frames). This postulate determines the laws of transformation between 
inertial reference frames. Maxwell’s equations are invariant under such transformations. 

In the special theory of relativity, the velocity of light is the same in all inertial frames of refer- 
ence, and the concept of ether becomes superfluous. Thus, Einstein removed it completely from his 
theoretical framework. However, in 1920 he distanced himself from this view to the point of iden- 
tifying the dynamic spacetime of general relativity with ether, though not as an absolute reference 
frame. In a lecture delivered in October 1920 in Leiden on “Ether and the Theory of Relativity,” he 
stated: “We may say that according to the general theory of relativity space is endowed with physical 
qualities; in this sense, therefore, there exists an ether. According to the general theory of relativity 
space without ether is unthinkable; . . . but this ether may not be thought of as endowed with the 
quality characteristic of ponderable media, as consisting of parts which may be tracked through 
time. The idea of motion may not be applied to it.” The last sentence in this quotation relates to 
the fact that the ether concept that may be used to interpret the properties of spacetime in general 
relativity cannot be understood as a mechanical medium, unlike the notion of ether in prerelativity 
physics that Einstein discarded. 

The distinction between covariant and contravariant vectors and tensors applies also in 
special relativity. Maxwell’s equations describing Gauss’s law for magnetic fields and Fara- 
day’s law (see the preceding page) are derived from the covariant form of the electromagnetic 
tensor F^ v , while the other two equations are derived from its contravariant form. Einstein 
keeps track of this difference by marking the electric and magnetic field components in the 
equations derived from the contravariant form of the tensor F, with a prime. Because of the 
simple form of the metric tensor of special relativity, the primed and nonprimed values of 
the magnetic and electric fields are the same, and this distinction is usually ignored in treat- 
ments of special relativity. 

Einstein denotes the electric field by the letter n and the magnetic field by/ In the printed 
version, the more conventional notation at that time, e and h, is used. 

In his Autobiographical Notes, written at the age of 67, Einstein expresses his fascina- 
tion with Maxwell’s theory: “The most fascinating subject at the time that I was a student 
was Maxwell’s theory. What made this theory appear revolutionary was the transition from 
action at a distance to fields as the fundamental variable.” 
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What was von Laue's crucial role? 

Einstein is now ready to construct the energy-momentum tensor of electromagnetism. He 
begins with the four equations that specify the force acting on the system and the energy 
supplied to it. With the help of mathematical tools developed in part B, these equations can 
be transformed to a form in which the components of the energy-momentum tensor can be 
identified: eqs. (66) and (66a) on the next page. In a closed system, the right-hand side of 
eq. (66) is equal to zero, and one can show that it is identical with the equations expressing 
energy-momentum conservation, derived in part C (eq. 57). 

We have already mentioned that part D of the manuscript is based on Einsteins treatment 
of the “the laws of material phenomena” (hydrodynamics and electromagnetism). There he 
mentions that his treatment of the subject uses the formulation of Minkowski-Laue, namely, 
the Minkowski tensorial formulation of special relativity and the von Laue formulation of 
flow of continuous matter in special relativity. 

Max von Laue made important contributions to the development of relativity theory, in particular 
to the implications of Einsteins mass-energy relation E = me 2 for a deeper understanding of relativ- 
istic continuum dynamics. According to the mass-energy relation, stresses, as familiar from elas- 
ticity theory or hydrodynamics, also embody energy and thus may change the inertial properties of 
a moving body. In fact, all forms of energy must have mass. In contrast, in classical physics stresses 
have no effect on the motion of a body, for example, when they are produced by a pair of equal and 
opposite forces acting along the same line. Even when dealing with an extended body, in classical 
physics it is always possible to describe the effect of forces on its overall motion — leaving aside 
deformations — by a single quantity, its inertial mass. In relativity, however, in general there is no 
longer a single quantity such as mass characterizing the inertial behavior of an extended physical 
system. The work of Max von Laue around 1911 made it clear that for this purpose no fewer than 
10 functions are required, which together form the components of a geometric object in spacetime 
called the “stress-energy tensor” or the “energy-momentum tensor.” As early as 1912 Einstein real- 
ized that this tensor must play the crucial role of the source-term in his field equation for the grav- 
itational field, taking the place of the mass density in its classical counterpart, the Poisson equation 
for Newton’s gravitational potential. 

Laue himself, however, at first remained skeptical with regard to Einsteins theory. In August 
1913 he wrote (to Schlick): “The extraordinary, in fact inconceivable complexity of the theory con- 
firms my rejection. Fortunately, one of its most direct consequences, the bending of light rays near 
the sun, can be checked already in 1914 during the solar eclipse. Then the theory will likely pass 
away peacefully.” 
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How can the validity of the theory be tested experimentally? 

In parts A, B, C, and D of this manuscript, Einstein has completed the theoretical framework 
and the mathematical apparatus of his new relativistic theory of gravitation: the general the- 
ory of gravity. Each of these parts has a title; part E does not. Einstein immediately refers to 
section 21, having deleted the previous title and replaced it with a simpler, shorter one. Part 
E discusses the first tests of validity of the general theory of relativity: explanation of the 
observed precession of the perihelion of the planet Mercury, the bending of light rays from 
distant stars in the gravitational field of the sun, and the decrease in the frequency of light 
emitted in a gravitational field (gravitational redshift). Einstein had already deduced the last 
two phenomena from the equivalence principle. And whereas he could use the equivalence 
principle also to give the correct quantitative value for the gravitational redshift, he had to 
wait until completing the full theory before he could derive the correct angle of the bending 
of light. Einstein examines these phenomena in a weak spherically symmetric gravitational 
field of a point mass representing the sun, corresponding to the Newtonian limit of the grav- 
itational field equations in vacuum (eq. 47). 

For Einstein, the requirement that an acceptable theory of gravitation would reduce to the Newto- 
nian theory as a limiting or special case was not only natural but absolutely essential. After all, the 
knowledge about gravitation contained in classical Newtonian theory is empirically well founded. 
In the course of the Einstein-Grossman collaboration in the search for a generally covariant theory, 
this requirement served not only as a condition for an acceptable gravitational field equation but 
also as a starting point for its construction. In 1912, they rejected the Ricci tensor, a natural can- 
didate for the gravitation tensor in the source-free case, because they thought (erroneously) that 
it did not reduce to the Newtonian expression in the case of an infinitely weak field. It was only in 
November 1915, when Einstein was working on the Mercury perihelion problem, that he realized 
how the Newtonian limit should be interpreted. 

The gravitational potential is represented by the metric tensor g^ v (p. 53 [8]). In the 
special theory of relativity, which completely neglects gravitation, this reduces to the form 
given in eq. (4) . We might expect a weak gravitational field to be represented by a matrix of 
g^ v that differs from this form by quantities much smaller than 1. Because the gravitational 
potential in Newton’s theory is represented by a single function, we could expect that in the 
Newtonian limit only the component g 44 , which represents the gravitational potential in 
that limit, would differ from 1. However, this cannot be the case. The coordinate condition 
g = - 1 (in the present case g is the product of the elements in the diagonal) implies that if g 44 
differs from 1, then the other diagonal terms have to be different from -1. This result came 
as a surprise to Einstein and Grossman. The new theory does not reduce to the Newtonian 
expression in the limiting case of a weak static gravitational field. Einstein repeated the issue 
of the Newtonian limit again and again. The misunderstanding of this point until November 
1915 was one of the main stumbling blocks in his search for a generally covariant theory. 
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What did Einstein wish to clarify and emphasize as an afterthought? 

Einstein finished the manuscript and numbered the pages and then decided to add a few 
remarks at the end of part D. The asterisk is the editor’s instruction to the typesetter to insert 
this page at the place marked by the asterisk on the previous page. 

Einstein wished to emphasize again that the derivation of the field equation of gravitation 
and the formulation of the conservation laws are based on a specific choice of coordinates, 
corresponding tog= -1, which simplifies the mathematical expressions but does not affect 
the generality of the results. 

fie essentially repeats his final remark at the end of part B (pp. 90-92 [27-28]), where 
he stated that all the relations in this paper will be presented in the simplified form brought 
about by this choice of coordinates and added: “It will be an easy matter to revert to the gen- 
erally covariant equations, if this seems desirable in a special case.” 

We know that at the time of writing this manuscript, he considered reformulating the derivation 
of the field equations in arbitrary coordinates. This becomes clear from the five-page manuscript 
presented in this book, which he initially intended to include in the body of this article and later as 
an addendum. Finally, he decided not to include it here and published it about half a year later as 
a separate article: “The Hamiltonian Principle and the General Theory of Relativity.” (The English 
translation of this article is given in the appendix.) 

It is possible that the remarks on this page are a substitute for that addendum and that the 
last words provide an explanation: “I do not think that the communication of my somewhat 
extensive reflections on this subject would be worthwhile, because after all they do not give 
us anything that is materially new.” 
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What does the metric tensor look like in the Newtonian limit? 

Einstein now applies an approximation procedure to reduce the equation of motion of a 
material particle in a gravitational field (eq. 46) to its Newtonian limit. The right-hand side 
contains derivatives of the space and time coordinates with respect to the time of motion 
along the particle trajectory. The ones with p,v = 1,2,3 correspond to material velocities, 
which, in the Newtonian limit, are much smaller than the velocity of light (smaller than 1 
in this notation) and can be ignored. This leads to the conclusion that only the term with 
p = 4, v = 4 survives and to eq. (67). This is the equation of motion of a material point in 
Newton’s theory. Einstein notes: “What is remarkable in this result is that the component 
g 44 of the fundamental tensor alone defines, to the first approximation, the motion of the 
material point.” Other components of the metric tensor are still dependent on the position 
in spacetime, indicating that the curvature of spacetime is preserved to the first approxima- 
tion. These components, however, do not affect the motion of a material point. Einstein then 
applies the same approximation to the field equations (53) and derives eq. (68) (on the next 
page) , which is exactly Newton’s equation for the gravitational potential generated by a mass 
density p. 

In December 1915, Einstein wrote to his friend Michele Besso about his new theory: “Most grat- 
ifying is the agreement with perihelion motion and the general covariance; strangest, however, is 
the circumstance that Newtons theory of the field is incorrect already in the first order. It is just the 
circumstance that the g n , g 22 , g 33 (components of the metric tensor) do not appear in first-order 
approximation of the equation of motion which determines the simplicity of Newton’s theory.” 

Why was Einstein pleasantly surprised? 

On December 22, 1915, Einstein received a letter from the astrophysicist Karl Schwarzschild, who 
was writing from the Russian front. Schwarzschild informed Einstein that he had solved completely 
the problem posed in the paper on the Mercury perihelion problem. This was the first exact solu- 
tion of the field equations of general relativity for a single spherical nonrotating mass. Einstein 
treated this problem in Cartesian coordinates and derived an approximate solution. In his deri- 
vation, Schwarzschild used a more convenient system of coordinates. He wrote: “It is a wonderful 
thing that the explanation of the Mercury problem emerges so convincingly from such an abstract 
idea,” and he ended his letter saying: “As you see, the war is kindly disposed of me, allowing me, 
despite fierce gunfire at a decidedly terrestrial distance, to take this walk into this your land of 
ideas.” Einstein urged him to publish his result and promised that he himself would report on it 
at the next meeting of the Prussian Academy of Sciences. Einstein responded to Schwarzschild’s 
letter: “I would not have expected that the exact solution of the problem could be formulated so 
simply. The mathematical treatment of the subject appeals to me exceedingly.” 

Schwarzschild died in May 1916 at the age of 43. Einstein wrote an obituary in the reports of 
the Prussian Academy of Sciences praising his work and achievements. The Schwarzschild solution 
eventually became the basis of modern research on black holes and a cornerstone in the study of 
astrophysical implications of the general theory of relativity. 
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How could astronomers help confirm certain predictions of the theory? 


By now, Einstein has shown that the basic equations of his relativistic theory of gravitation, 
the equation of motion (eq. 46) , and the field equation (eq. 53) reduce to the classical Newto- 
nian theory in the limit of a weak static gravitational field. Yet, even in this limit, g n , g 22 , and 
g 33 do not reduce to -1, as one could expect. The approximate values of g^ v for a weak static 
spherically symmetric gravitational field are given in eq. (70). In the last chapter, Einstein 
examines the effect of this conclusion on the geometric properties of spacetime and uses the 
results to derive the implied astronomical predictions. 

When Einstein realized that he was unfamiliar with the mathematical methods, he turned to the math- 
ematician Grossmann for help. Now he appealed to astronomers for help and advice. Specific predic- 
tions of the general theory of relativity that can be confirmed or rej ected by direct observations are very 
important in distinguishing it from alternative theories of gravitation. Einstein had been working on 
such predictions since 1 9 1 1 . He predicted two previously unknown effects that could help test the gen- 
eral theory of relativity. The first is the deflection of light in a gravitational field. In 1913, Einstein wrote 
to the astronomer George Hale asking for his advice on the possibility of measuring the deflection of 
light in the vicinity of the solar rim. Hales reply was that the only opportunity for detecting this effect 
would be during a solar eclipse. In 1914, after the breakout of World War I, a German expedition was 
planned to observe this effect during a solar eclipse in Ukraine, but it was interned for a brief period 
by the Russian authorities. Note that the predicted angle of deflection was then by a factor of 2 smaller 
than the correct value predicted by general relativity, which would be derived later. 
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The second prediction is the change in color of light in a gravitational field, the so-called grav- 
itational redshift. Einstein tried, with little success, to convince German astronomers to initiate 
research on these effects. He had early support from Erwin Freundlich, at that time an assistant 
at the Potsdam observatory, and from the astrophysicist Karl Schwarzschild. He particularly 
acknowledged the role of Freundlich. In April 1914, he wrote to Ehrenfest: “Astronomer Freundlich 
has found a method to establish light refraction by Jupiter’s gravitational field. In addition, he has 
established with astounding accuracy the shift of intensity centers of solar lines toward the red. . . .” 
It turned out, however, that the claim of confirmation of the redshift effect was highly premature. 
Einstein praised Freundlich in a letter to Schwarzschild (January 1916): “He was the first astrono- 
mer to understand the significance of the general theory of relativity and to address enthusiastically 
the astronomical issues attached to it.” 
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What is the length of rods and the pace of clocks in a gravitational field? 

We already know that the length of rods and the pace of clocks depend on the gravitational 
field at their location in spacetime. Einstein now demonstrates this dependence in a gravita- 
tional field produced by a spherically symmetric mass. 

Using the values ofg^ of eq. 70 (on the previous page), Einstein examines the effect of the 
gravitational field produced by a mass at the origin of coordinates on the observed length of 
rods. The conclusion is that a rod located along the radius is slightly shortened (eq. 71 ) , while 
the length of a rod laid in the perpendicular direction is not affected by the gravitational 
field. Consequently, if such a rod is used to measure the diameter and the circumference of 
a circle around the origin of coordinates, the ratio of the circumference to the diameter is 
found to be different from 71 . Thus Euclidean geometry does not hold even to a first approx- 
imation in the gravitational field. 

Einstein proceeds to examine the effect of such a gravitational field on the pace of clocks 
(on the next page). 

Is there a "viable" alternative theory to general relativity? 

At this stage, toward the end of the manuscript, when we are about to discuss the experimental 
tests of Einstein’s theory, it is worth mentioning the gravitational theory of Gunnar Nordstrom, 
published in 1912. Nordstrom’s theory is based on a single scalar gravitational potential and is 
embedded in the special theory of relativity. Einstein had several objections against scalar theories 
of gravitation, which he discussed with Nordstrom during the latter’s visit to Zurich in June 1913. 
Following that visit, Nordstrom published a new version of his theory, which was extensively dis- 
cussed by Einstein in a lecture he gave in Vienna in September 1913: “On the Present State of the 
Problem of Gravitation.” Despite his dissatisfaction with the fact that Nordstrom’s theory could 
not explain the inertia of a body with the gravitational effect of the surrounding mass distribution 
(Mach’s principle), Einstein concluded: “In sum, we can say that Nordstrom’s scalar theory, which 
adheres to the postulate of the constancy of the velocity of light, satisfies all of the conditions that 
can be imposed on a theory of gravitation given the current state of empirical knowledge.” Indeed, 
Einstein considered this theory the only viable alternative to his and Grossmann’s Entwurf theory. 

In Nordstrom’s theory, there is no deflection of light by a gravitational field; however, at that 
time a rejection of one or the other theory on empirical grounds was impossible. It was hoped that 
the planned astronomical observations during the solar eclipse in 1914 would do so. This did not 
happen at that time (p. 55), but the verdict about the shortcoming of Nordstrom’s theory became 
clear even before the next solar eclipse in 1919. A calculation of the Mercury perihelion shift based 
on this theory predicts a retrogression of 7" (arc seconds), while Einstein’s theory predicts the 
observed progression of 43" (p. 129 [45]). 
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What observation catapulted Einstein to world celebrity status? 

The first result on this page is that a clock moves more slowly in the neighborhood of a mas- 
sive body. Equation (72) allows us to estimate the size of this effect. An atom emitting light 
may be viewed as a clock. The slowing down of such “atomic clocks” in a gravitational field 
means that the frequency of these oscillations, and hence of the emitted light, is reduced. The 
“color” of light of lower frequency is shifted to the red end of the spectrum of light. In the 
footnote, Einstein acknowledges Freundlich for having observed such an effect from spec- 
troscopic observations on certain stars, remarking that this is not yet a crucial test. 

Next, Einstein examines the deflection undergone by a ray of light passing near a mass M 
at a distance A and concludes that a ray of light going past the sun undergoes a deflection of 
1.7" (this result appears on the next page). 



The predicted angle of bending was twice the value that Einstein obtained from the equiva- 
lence principle, which appears in his letter to George Hale (p. 123). This value also could have 
been explained by an old (almost forgotten) Newtonian theory of light. Einstein’s prediction was 
confirmed by astronomical observations during the solar eclipse of 1919, performed by a British 
expedition headed by the astronomer Arthur Eddington, and Einstein became a world celebrity 
overnight. It was not just the phenomenon itself but also the measured angle that caused a sensa- 
tional title in the London Times on November 7, 1919. 
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The redshift result was not confirmed till the late 1950s. Nowadays, the effect of gravitation on 
the rate of clocks has to be taken into account in the timing system of GPS technology. 

A square is cut out of this page, reflecting the usual editorial procedure in those days: the 
editor removed the figures from the manuscript and sent them to the graphics department; 
the rest was sent to typesetting. The missing figure is reproduced here. Einstein used this 
diagram to explain his choice of the coordinates x, and x 2 that appear in the calculation. 
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Explanation of the motion of perihelion of planet Mercury: From disappointment to triumph 

Newtons theory of gravitation confirms Kepler s observation that the planets move around the sun 
in elliptic orbits. If there were only one planet in the solar system, then the position of the perihelion 
of the orbit (the point of closest approach to the sun) would be fixed in space. However, owing to the 
influence of the other planets, there is a slow precession of the perihelion. Astronomers discovered 
that the orbit of the planet Mercury around the sun, from the point of view of Earth, rotates by 
5600", or 1.55° (degrees), in 100 years. Most of this rotation could be explained by forces exerted by 
the other planets, but 43" was unexplained. This problem had already arisen in 1859, following the 
work of the French astronomer Urbain Le Verrier, and remained unsolved until Einsteins general 
theory of relativity. 


In December 1907, when Einstein was taking his initial steps on the way to the relativistic theory 
of gravitation, even before he had any kind of a theory, he realized that it might provide an answer 
to the longstanding problem. He wrote to his friend Conrad Habicht: “At the moment I am working 
on a relativistic analysis of the unexplained secular changes in the perihelion of Mercury.” Shortly 
after the publication of the Einstein-Grossmann Entwurf theory, Einstein and his friend Michele 
Besso performed a calculation to test whether the new theory could account for the anomalous 
precession of the perihelion of Mercury. They concluded that only 18” of the discrepancy could be 
explained by the new theory. This disappointing result did not cause Einstein to doubt the validity 
of the Entwurf theory. In fact, he never published this result and ignored it completely until Novem- 
ber 1915, when he used it as an argument to justify the decision to abandon the Entwurf theory. 

The last page presents the result that he obtained when still working on the final stages 
of his new theory, which he presented on November 18, 1915, to the Prussian Academy 
of Sciences. This result remained unchanged in the final version of the theory as well. In 
the footnote, Einstein refers the reader to this work and to the work of Schwarzschild for 
the details of the calculation. The last sentence of the manuscript reads: “Calculation gives 
for the planet Mercury a rotation of the orbit of 43" per century, corresponding exactly to 
astronomical observations (Teverrier); for astronomers have discovered in the motion of 
perihelion of this planet, after allowing for disturbances by other planets, an inexplicable 
remainder of this magnitude.” 

The editor’s pencil remark in the lower part of the page indicates the date this manuscript was 
received, March 20, 1916. 
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Why did Einstein decide not to include this "Appendix" in the printed 
version of the manuscript "Foundation of General Relativity"? 

This is the first of five pages that Einstein initially intended to include in the manuscript. 
Judging by the “§14” (between the title lines) and the equation numbers on this page, which 
he crossed out, he planned to insert these pages after section 13 and to proceed immedi- 
ately to the derivation of the gravitational field equations from the “variational principle” 
(explained on p. 97). Einstein then decided to do it more gradually. First, with the help of 
the variational principle, he derived the field equation in the absence of matter and then 
introduced matter in the same way that the energy and momentum of the gravitational field 
appeared in that equation. Einstein then intended to attach this calculation as an appendix 
to the manuscript, stating this explicitly in the title and numbering the pages accordingly. 
In the end, he did not include it at all. In October 1916, he submitted to the Royal Prussian 
Academy an article titled “Hamilton’s Principle and the General Theory of Relativity” (in 
our remarks, we shall refer to this article as the “October paper”), which bears significant 
similarities to and significant differences from the appendix to our manuscript, which was 
never published. 

The derivation of the gravitational field equation in part C of the manuscript depends on the coor- 
dinate condition -g= 1. On page 40a, Einstein states that it is possible to formulate the gravita- 
tional field equations and the energy-momentum conservation law in the form achieved at the 
end of part C, even without choosing specific systems of coordinates. This appendix would have 
demonstrated that. However, Einstein eventually came to the conclusion that this would not be 
worthwhile because one would not learn anything new. He therefore decided not to include it in his 
“Foundation of General Relativity” review article. 

Einstein applies a Hamiltonian (Lagrangian) formulation — different 
from Hilbert's and different from his own previous one 

Einstein applies the variational method to a Hamiltonian function — which today we would 
call a Lagrangian — which depends on the components of the metric tensor (the gravitational 
potentials), on their derivatives, and on the parameters describing matter and their deriva- 
tives (everything outside of the gravitational field). Einstein does not specify the nature of 
these parameters contrary to Hilbert, who, addressing the same problem, assumed that these 
parameters are the four components of the electromagnetic potential. Hilbert’s approach 
was based on Mie’s theory (p. 99), which stipulates that all matter is of electromagnetic origin 
and that the energy-momentum tensor of matter should depend only on electromagnetic 
quantities. In the footnote on this page, Einstein asserts that Hilbert’s assumption that the 
Hamiltonian depends only on such quantities and their derivatives is not very promising. 

Einstein separates the Hamiltonian into two parts, W and s 3Jt, the first depending on the 
gravitational field parameters only, and the second depending on all the gravitational and 
matter variables. He then derives the field equations, satisfied by the two parts of the Hamil- 
tonian, eqs. (78) and (79) (at the top of the next page). The latter appears here as a mathemat- 
ical expression. Einstein should have equated it to zero to make it the equation for the matter 
part, 9W, of the Hamiltonian. 
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Why did Einstein decide to publish a modified version of this appendix 
after all? What was the role of Lorentz and Hilbert? 

After completing his general theory of relativity, Einstein became increasingly aware of the import- 
ant role of Hamilton’s formulation, and he corresponded on the topic with colleagues. In January 
1916, he wrote to Lorentz: “Only too well do I understand your attempt to derive gravitation from 
the field equations in the manner of Hamilton’s principle. I myself am compelled to derive the Ham- 
iltonian function retroactively, in order to derive the expression for the conservation laws conve- 
niently.” In spite of having achieved this derivation, he did not include it in his final review article, 
submitted two months later. In the same letter, he added: “Nevertheless, I must admit that I actually 
do not see in Hamilt. Princip. anything more than a means toward reducing a system of tensor equa- 
tions to a scalar equation for which the conservation laws are always satisfied and easily derived.” 

On this page, Einstein explains how to assure that the “action” defined by the integral in 
eq. (76) will be an invariant (a scalar) quantity, so that the “variation” of this action will yield 
generally covariant equations. In a footnote, he indicates that this way had been proposed 
by Hilbert and Lorentz. In the October paper, Einstein mentions Hilbert and Lorentz in the 
opening sentence and, in a footnote, references to their work. 

It is possible that the work of Lorentz and Hilbert prompted Einstein to publish his own version of 
the subject matter. He could have done it half a year earlier. In any case, it was important to him to 
demonstrate the relation between covariance properties and conservations laws in full generality. It 
is instructive to quote the first paragraph of the October paper: “H. A. Lorentz and D. Hilbert have 
recently succeeded in presenting the theory of general relativity in a particularly comprehensive form 
by deriving its equations from a single variational principle. The same shall be done in this paper. 
My aim here is to present the fundamental connections as transparently and comprehensively as the 
principle of general relativity allows. In contrast to Hilbert’s presentation, I shall make as few assump- 
tions about the constitution of matter as possible. On the other hand, and in contrast to my own very 
recent treatment of the subject matter, the choice of coordinates shall be made completely free.” 

Einstein applies the variational method to the gravitational part of the Hamiltonian, W. 
The only appropriate invariant quantity, which depends on the components of the metric 
tensor and their first and second derivatives, is formed from the metric tensor and the Rie- 
mann tensor by internal multiplication and contraction (eq. 80) . Today we would call it the 
Ricci scalar. In the October paper, Einstein refers in the parallel paragraph for the first time 
to the Riemann tensor as the Riemann curvature tensor. Although “spacetime curvature” 
has become the common concept to describe the effect of massive objects on spacetime, 
Einstein had not used this term earlier. 

In a letter to Hermann Weyl, Einstein is explicitly critical of Hilbert’s approach: “Hilbert’s assump- 
tion about matter appears childish to me in the sense of a child who does not know. At all events, 
mixing the solid considerations originating from the relativity postulate with such bold unfounded 
hypotheses about the structure of the electron or matter cannot be sanctioned. I gladly admit that 
the search for a suitable hypothesis, or for the Hamilton function for the structural makeup of the 
electron, is one of the most important tasks of theory today. The ‘axiomatic method’ can be of little 
use here, though.” The last sentence refers to Hilbert’s ambition to construct an axiomatic formula- 
tion of physics, bringing it closer to a science like geometry. 
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Is the conservation principle satisfied without any restrictions? 

On this page, Einstein formulates the variation of the gravitational part of the Hamiltonian 
in a form that makes its invariant (scalar) character apparent. He points out that the choice 
of the second part of the Hamiltonian, fWi, leaves a significant degree of freedom and does 
not imply any assumptions or restrictions on the gravitational part of the Hamiltonian and, 
therefore, not on the left-hand side of the gravitational field equation (eq. 78). 

He emphasized this point in a letter to Lorentz from November 1916, accompanying the October 
paper he sent to him on that occasion: “Particularly, I wanted to show that the general relativity 
concept regarding matter does not limit the variety of possible choices for the Hamiltonian func- 
tion to a higher degree than the postulate of special relativity since the conservation laws are satis- 
fied by any choice of 991.” He then repeats his criticism of Hilbert: “The choice made by Hilbert thus 
appears to have no justification.” 

1916: A year of hard work and new beginnings 

In December 1915, Einstein wrote to Besso: “The boldest dreams have now been fulfilled. General 
covariance. Mercury’s perihelion motion wonderfully precise. . . . from your contented but quite 
worn-out ( ziemlich katputen), Albert.” 

He had good reason to be content and could have relaxed for a while, communicating with 
friends and colleagues and enjoying the feeling of achievement. But this did not happen. The year 
1916 was a year of hard work and new beginnings. 

The first article Einstein published after having completed and submitted the manuscript on 
the foundation of general relativity was an approximate solution of the field equations in a specific 
coordinate system, suggested to him by the astronomer Willem de Sitter. In this paper, Einstein 
discussed gravitational waves, concluding that accelerated massive objects generate changes in the 
metric describing the local properties of spacetime (today we would refer to it as changes in curva- 
ture), which propagate, like waves, with the speed of light. However, he committed a calculational 
error that led to the strange result that “there should exist gravitational waves without energy trans- 
port.” In 1918, he corrected this error, admitting that his previous treatment of the subject “was 
marred by a regrettable error in computation.” He also derived a famous formula for the energy 
loss of a system emitting gravitational radiation. Nevertheless, the issue remained controversial. In 
1937, Einstein even tried to disprove the existence of gravitational waves. 

After much additional work on the issue, physicists today are convinced of the existence of grav- 
itational waves produced by accelerated massive objects. For example, spiraling binary stars have 
been demonstrated to be a powerful source of such waves. Owing to the astronomical distances 
to the sources of gravitational waves, their effects on Earth are predicted to be extremely small. In 
spite of extensive continuing attempts to detect gravitational waves by direct measurements with 
ever more sensitive detectors, this goal has still not been achieved and remains a challenge at the 
forefront of research in general relativity. 
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Having adopted (on the previous page) a specific form of the gravitational Hamiltonian 
61, Einstein now expresses the left-hand side of eq. (78) in terms of the contracted Riemann 
tensor (eq. 83). The tensor B^ v is the tensor G^ v in eq. (44) of the main manuscript. There the 
condition -g = 1 is used to simplify this tensor. 

Einstein acts as a missionary of science 

After submitting, in November 1915, the final version of his general theory of relativity, when he 
was writing the comprehensive summary of the theory with all its ingredients for the scientific 
community represented by the current manuscript, Einstein was already thinking about writing a 
popular book on relativity, both the special and the general. In January 1916, he wrote to his friend 
Besso: “The great success in gravitation pleases me immensely. I am seriously considering writing 
a book in the near future on special and general relativity theory, although, as with all things that 
are not supported by a fervent wish, I am having difficulty getting started. But if I do not do so, the 
theory will not be understood, as simple though it basically is.” 

Einstein completed the manuscript in December, and the book Relativity: the Special and the 
General Theory was a great success. Between 1917 and 1922, the book appeared in 14 editions in 
German, and after the confirmation of the bending of light, it also appeared in foreign languages. 
These editions contained minor textual changes and introductions. 

In the introduction to the first edition, Einstein wrote: “The author has spared himself no pains 
in his endeavor to present the main ideas in the simplest and most intelligible form, and on the 
whole, in the sequence and connection in which they actually originated.” He concluded the intro- 
duction with the wish: “May the book bring some one a few happy hours of suggestive thought.” 
Einstein believed that the laws of nature can be formulated in a number of simple basic princi- 
ples. This quest for simplicity marked his scientific activity. He also believed that it was his duty to 
explain these principles in simple terms to the general public and to convey the happiness and satis- 
faction that the understanding of these principles can generate. This book is one of many examples 
of Einstein’s commitment to his role as a missionary of science. 
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Scientific creativity in the midst of personal hardships and national disaster 

On the last page of the designated appendix, Einstein completes, with eq. (90), the proof of 
the invariance of the “action” and hence the general covariance of the field equations derived 
from it by the variational method. The manuscript ends somewhat abruptly without draw- 
ing the most important physical conclusion from this result. In the October paper, Einstein 
performs this additional step. He derives from the field equation (78) the conservation law 
for the combined energy-momentum of the gravitational field, emphasizing that it is derived 
from the field equations of gravitation alone, without using the field equations for material 
processes. 

The year 1916 was still marked by Einsteins deliberations, publications, and correspondence with 
colleagues about general relativity and its consequences. Yet, in the summer of that year he pub- 
lished two articles that constituted an innovative and seminal contribution to the quantum theory 
of the interaction between electromagnetic radiation and matter. He established such basic prin- 
ciples as the following: (a) the absorption of radiation by an atom is proportional to the density of 
radiation; (b) atoms emit radiation in a spontaneous random process or in a process induced by the 
radiation held around them, again, with a probability proportional to the density of the radiation 
held; (c) in the emission and absorption process, atoms exchange with the radiation held not only 
energy but also momentum; (d) the emission of radiation from an atom does not spread out as a 
radial wave but propagates in a well-defined direction. The latter conclusion is a major confirma- 
tion of the particle (photon) nature of radiation. In September, Einstein wrote to Besso: “Thus light 
quanta are as good as established.” 


Our annotations to the manuscript pages contain background material related to relevant sci- 
entific developments and correspondence with peers. We did not address the social and polit- 
ical environment, nor did we talk about the deteriorating family relations during those years. 
How these developments affected Einstein is discussed in a number of biographies. While we 
have stressed that the year 1916 was a year of new beginnings and outstanding scientihc cre- 
ativity, it should also be mentioned that all this was achieved at a time when the Great War 
shook Europe and affected everyone’s lives in Germany. Einstein, in particular, felt isolated 
because, in contrast to most of his German colleagues, he was openly critical of the war. Also, 
in 1916 Einstein was living alone after the breakup of his family and separation from his wife 
Mileva, who returned with the children to Zurich. 
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Many quotations in these pages are taken from letters and documents 
printed in the English version of The Collected Papers of Albert Einstein (CPAE). Prince- 
ton, NJ: Princeton University Press. 

Documents in the Albert Einstein Archives not yet printed in the CPAE appear as 
AEA with the archival call number. 

A comprehensive four-volume work on Albert Einstein’s theory of general relativity is 
The Genesis of General Relativity, ed. Jurgen Renn (Dordrecht: Springer, 2007). A number 
of papers from this collection are cited here. 

p. 1 

The English translation of Einstein’s “On the Special and the General Theory of Relativity 
(A Popular Account)” is reprinted in CPAE vol. 6, Doc. 42, pp. 247-420. The quotation 
maybe found on p. 312 (p. 69 of the document). 

p. 2 

Einstein’s obituary on Ernst Mach was originally published in Physikalische Zeitschrift 17 
(1916): 101-104. It is reprinted in CPAE vol. 6, Doc. 29, pp. 141-145. 

On the epistemological deficit of classical mechanics mentioned by Einstein, see Jon Dor- 
ling, “Did Einstein Need General Relativity to Solve the Problem of Absolute Space? Or 
Had the Problem Already Been Solved by Special Relativity?” British Journal for the Phi- 
losophy of Science 29 (1978): 311-323. 

P 3 

Einstein mentions the influence of Mach and Hume on his thinking in 
Mach’s obituary (p. 143 in reference for P. 2) 

and in Albert Einstein, Autobiographical Notes, ed. P. A. Schilpp (La Salle, IL: Open Court 
[1949] 1979). The quotation appears onp. 51. 

P 4 

On 14 December 1922, Einstein gave a lecture at a student reception at the Kyoto Impe- 
rial University. In this lecture, Einstein described his recollections about the genesis of the 
special theory of relativity and about the transition to the general theory. The notes of this 
lecture, “How I Created the Theory of Relativity,” by Jun Ishiwara (Einstein’s translator in 
Japan), are printed in CPAE vol. 13, Doc. 399. The quotation is on p. 638. 
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See also Einsteins essay “Fundamental ideas and methods of the theory of relativity, pre- 
sented in their development,” written December 1919/January 1920 (CPAE, vol. 7, Doc. 
31, p. 21). 

P. 6 

The quotation may be found on p. 235 of “Geometry and Experience” in CPAE vol. 7, 
Doc. 52, pp. 208-222. This is an extension of a lecture held at the Prussian Academy of 
Sciences, 27 January 1921. 

p-7 

The hole argument is explained in chapter 2 of this text (p. 25). See also Michel Janssen, 
‘“No Success Like Failure . . .’: Einstein’s Quest for Relativity, 1907-1920,” in The Cam- 
bridge Companion to Einstein, ed. Michel Janssen and Christoph Lehner (Cambridge: 
Cambridge University Press, 2014), 167-227. 

p 9 

Einstein’s last paper in Prague: “On the Theory of the Static Gravitational Field,” Annalen 
derPhysik 38 (1912): 443-458; reprinted in CPAE vol. 4, Doc. 4, pp. 107-120. 

P. 10 

This frequently quoted appeal to Grossman was transmitted orally. It appears in 
the reminiscences of Louis Kollros, a professor of mathematics at ETE1 at that time. 
“Erinnerungen-Souvenirs,” Schweizerische Hochschulzeitung 28 (1955): 169-173. 

Letter to Arnold Sommerfeld, 29 October 1912, in CPAE vol. 5, Doc. 421, p. 505. 

See Karin Reich, Die Entwicklung des Tensorkalkuls: vom absoluten Differentialkalkul zur 
Relativitdtstheorie (Basel: Birkhauser, 1994). 

p. li 

Letter to Max Laue, 22 December 191 1, in CPAE vol. 5, Doc. 333, 244-245. 

Einstein’s dissertation is reprinted in John Stachel, Einstein’s Miraculous Year (Princeton, 
NJ: Princeton University Press, 2005), 29-43. 

Letter to Michele Besso, 26 March 1912, in CPAE vol. 5, Doc. 377, pp. 276-279 
p. 14 

The interplay between mathematical and physical strategies is described in detail in the 
introduction; see also Michel Janssen and Jurgen Renn, “Untying the Knot: How Einstein 
Found His Way Back to Field Equations Discarded in the Zurich Notebook,” in The Gen- 
esis of General Relativity, vol. 2, 839-925. 

p. 15 

See Karin Reich, Die Entwicklung des Tensorkalkuls: vom absoluten Differentialkalkul zur 
Relativitdtstheorie (Basel: Birkhauser, 1994) and Michael J.Crowe, A History of Vector 
Analysis: The Evolution of the Idea of a Vectorial System (New York: Dover, 1985). 
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p. 17 

For further discussion on the difference between “coordinate conditions” and “coordi- 
nate restrictions,” see Michel Janssen and Jurgen Renn, “Untying the Knot,” pp. 839-925 
(see the note for P. 14). 

p. 18 

The conversation between Albert Einstein and his son Eduard referred to at the end of the 
page was told by Einstein to journalists and also mentioned during his visit to Japan. It 
was quoted in many newspaper articles and books. 

p. 19 

The four November papers are referred to on page 105 [34]. See the note for P. 34. 
p. 20 

“The Formal Foundation of the General Theory of Relativity” was first published in 
Koniglich Preufiische Akademie der Wissenschaften (Berlin). Sitzunsberichte (1914): 
1030-1085. 

The English translation is printed in CPAE vol. 6, Doc. 9, pp. 30-83. The quotation may 
be found on p. 46. 

For further reading on the history of parallel transport and affine connection, see John 
Stachel, “The Story of Newstein or: Is Gravity Just Another Pretty Force?” in The Genesis 
of General Relativity, vol. 4, pp. 1041-1078. 

p. 22 

In May 1921, Einstein delivered four lectures at Princeton on the theory of relativity, 
which have been republished many times and translated into a number of languages as 
The Meaning of Relativity. They are reprinted in CPAE vol. 7, Doc. 71. The discussion on 
this page refers to pp. 330-331. 

Einstein in the introduction to Mario Pantaleo, Cinquant’Anni di Relativitd (Florence: 
Editrice universitaria, 1955). English translation by John Stachel. 

p. 23 

Einstein and Grossmanns Entwurf theory paper is reprinted in CPAE, vol. 1, Doc. 13. 

The lack of general covariance of the Entwurf equations is mentioned in two consecutive 
letters to Hendrik Lorentz: 

14 August 1913, CPAE vol. 5, Doc. 467, pp. 349-351; 

16 August 1913, CPAE vol. 5, Doc. 470, pp. 352-353. 

Einstein’s full satisfaction with the Entwurf theory is expressed in a letter to Michele Besso 
fromca. 10 March 1914, CPAE vol. 5, Doc.514, pp. 381-382. 

p. 28 

For the four 1915 communications, see the note for P. 34. 

Letter from Barbara Lee in Dear Professor Einstein: Albert Einstein’s Letters to and from 
Children, ed. Alice Calaprice (Amherst, NY: Prometheus Books, 2002), 139-140. 
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p. 30 

Einstein to Paul Ehrenfest, 24 January 1916 (or later), CPAE vol. 8 , Doc. 185, pp. 249-254. 

Einstein’s correspondence with Lorentz is referred to in A. Einstein to Lorentz, 1 7 January 
1916, CPAE, vol. 8 , Doc. 183, pp. 179-181, which opens with “I am in possession of your 
three letters and very happy about your concurrence, . . .” 

For further reading on the Lagrangian formalism, see Cornelius Lanczos, The Variational 
Principles of Mechanics (London: Dover, 1986). 

p. 31 

See Jurgen Renn and John Stachel, “Hilbert’s Foundation of Physics: From a Theory of 
Everything to a Constituent of General Relativity” in The Genesis of General Relativity, 
vol. 4, pp. 857-973. 

p. 32 

Autobiographical Notes, p. 28-29 (see the note for P. 3). 
p- 33 

In Albert Einstein, “Physics and Reality (1936)” in Out of My Later Years (New York: 
Philosophical Library, 1950). 

p 34 

The four “November papers” are reprinted in CPAE, vol. 6 : 

4 November 1915, “On the General Theory of Relativity,” Doc. 21, pp. 98-106; 

11 November 1915, “On the General Theory of Relativity (Addendum),” Doc. 22, pp. 
108-110; 

18 November 1915, “Explanation of the Perihelion Motion of Mercury from General 
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THE DRAMA CONTINUES . . . 


THE HAPPY END? 

The publication of Einstein’s 1916 manuscript brought an end to a convo- 
luted and dramatic intellectual journey that had begun almost a decade earlier. No doubt, 
it constituted a happy ending, because it fulfilled the highest hopes Einstein had invested 
into this enterprise. Indeed he had achieved a generally covariant field theory of gravita- 
tion that was both mathematically elegant and physically plausible. It also seemed to sat- 
isfy his highest philosophical ambitions, complying with the heuristic reasoning that had 
formed his starting point and that had been inspired by Ernst Mach ever since Einstein 
read his works as a student. There was no room left for Newtons metaphysical concept of 
absolute space in the new theory, and all its alleged physical effects, such as inertial forces, 
could apparently be traced back to the effect of matter. 

In 1916, however, when Einstein put the final touches to his masterpiece, one could 
also defend a more sober perspective on what he had achieved. It hardly mattered to the 
world around him, busy as it was destroying European civilization in an ever more cruel 
and reckless war. Not even his famous academic colleagues in Berlin paid much attention 
to the novel theory and its implications. Einstein found it hard to attract the attention of 
astronomers to the obvious observational consequences of his theory such as the bending 
of light in a gravitational field. And gradually he himself became painfully aware that 
what he had elaborated with so much effort was actually different from what he had ini- 
tially intended to accomplish. The tensions between Einsteins original heuristics and the 
implications of the new theory became ever more obvious in its further evolution. 



From the drawing board to a 
new glimpse at the universe 
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EINSTEIN'S HEURISTICS REVISITED 

At first, Einstein tried tenaciously to interpret the new theory in the sense of Mach’s 
critique of classical mechanics. There were several reasons for this tenacity, as is indi- 
cated in our commentaries. First, Mach’s analysis of classical mechanics had served as 
an important heuristic guidance for the formulation of the theory. He had suggested 
that centrifugal forces might be due to an effect of the distant stars rather than Newton’s 
absolute space. Einstein therefore naturally expected that the final theory would com- 
ply with Mach’s heuristics. But he also used Mach’s critique to underscore the plausibil- 
ity of his audacious generalization of the classical principle of relativity to accelerated 
motions. In fact, there was hardly any other justification for this unconventional step. 
Before the spectacular confirmation in 1919 of the deflection of light in a gravitational 
field by a British solar eclipse expedition under the direction of Sir Arthur Eddington, 
such epistemological arguments played an important role. They served to highlight the 
advantages of the theory over competing theories that could be formulated within the 
framework of special relativity. Einstein’s claim that the new theory agreed with the phil- 
osophical considerations of Ernst Mach thus served as a substitute for the initial lack of 
observational evidence. 



Einsteins back against 
the wall — are Machs 
distant stars to blame? 
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A SHIFT OF ATTENTION: FROM THE GRAVITATIONAL 
FIELD EQUATION TO ITS SOLUTIONS 

General relativity is a complex, mathematically sophisticated theory. Writing down 
the gravitational field equation does not exhaust its physical content by far, and Ein- 
steins theory continues to surprise us to this very day. Its further mathematical elabo- 
ration, in particular, the search for exact solutions, revealed unexpected features. This 
process began right after its completion. Investigating mathematical aspects of the 
new theory in light of his original heuristics, Einstein believed, for instance, that the 
gravitational held is not determined uniquely by the matter distribution that serves 
as the source of the held equation. He concluded that the behavior of solutions at the 
boundaries of the universe must also be specihed. But how could this demand be inter- 
preted physically? How could it be related to the claim motivated by Mach’s ideas that 
the inertial properties of the bodies in space are determined exclusively by the matter 
distribution? 

After Einstein failed to hnd a satisfactory solution to the question of boundary con- 
ditions in regard to the Machian heuristics, in 1917 he proposed an entirely new way to 
solve this problem, on which he commented in a contemporary letter to his friend Ehren- 
fest that there was a risk it would send him to the madhouse. 1 

In Einsteins famous “Cosmological Considerations in the General Theory of Relativ- 
ity” of 1917, 2 he derived a solution satisfying all his expectations concerning the constitu- 
tion of the universe, including the explanation of its inertial properties by the distribution 
of masses acting as sources of the gravitational field. This spacetime describes a spatially 
closed static universe with a uniform matter distribution. With this solution Einstein 
avoided entirely the problem of specifying appropriate boundary conditions, since a 
closed space does not have a boundary. He also believed that this model corresponded 
to a more or less realistic picture of the universe as known at that time. It was indeed not 
even clear then that the galaxies observed outside our own Milky Way constituted objects 
of the same kind and that the universe actually extended far beyond it. 

THE EMERGENCE OF MODERN COSMOLOGY 

However, these results worked for Einstein only at the price of modifying the field 
equation for which this static spacetime was a solution. This modification consisted 
of introducing an additional term, characterized by the cosmological constant X, in the 
field equation of 1915. For Einstein’s Machian philosophical conception of a static uni- 
verse, the cosmological constant was a lifesaver. Eventually, however, he was forced to 
realize that this constant did not accomplish the purpose for which it had been invented 
and he abandoned it. But the additional term is really quite legitimate and contrary to 
what Einstein wrote in 1 9 1 6, the resulting field equation was actually not the most gen- 
eral equation consistent with his demands. Today the cosmological constant plays an 
important role in explaining the accelerating expansion of the universe on the basis of 
the theory of general relativity. 3 
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One of the most popular stories and myths about Einstein is that he referred to his idea of 
the “cosmological constant” as the biggest mistake he had made in his life. The origin of 
this story can be traced to an article in Scientific American (1956) by George Gamow, where 
the author recalled that, many years ago, he had heard Einsteins admission about this idea 
being “the biggest blunder he had made in his entire life.” Gamow repeated this claim in his 
autobiography, My World Lines. In his recent book Brilliant Blunders, Mario Livio, the as- 
trophysicist and author of popular science books, reports that there is no evidence that Ein- 
stein actually made such a statement, either orally or in writing, and that it was most prob- 
ably Gamow’s invention. Yet, this story has been quoted extensively; it appears in numerous 
books and articles and has become a generally accepted part of the Einstein scientific saga. 4 


At first Einstein tended to neglect the relation between the new theory and astron- 
omy, at least as far as astronomy beyond the solar system was concerned. His principal 
opponent in the discussion of the allegedly Machian features of general relativity was 
the Dutch astronomer Willem de Sitter, who contributed much to making the theory 
known outside Germany. 5 In contrast with Einstein, de Sitter worked intensively on the 
astronomical consequences of the various solutions to the field equation. In an almost 
apologetic tone, Einstein wrote to de Sitter in 1917: “From the standpoint of astronomy, 
of course, I have erected but a lofty castle in the air. For me, though, it was a burning 
question whether the relativity concept can be followed through to the finish or whether 
it leads to contradictions. I am satisfied now that I was able to think the idea through to 
completion without encountering contradictions. Now I am no longer plagued with the 
problem, while previously it gave me no peace.” 6 

Shortly after Einsteins “cosmological considerations” were published, de Sitter demon- 
strated that even the modified field equation allows a solution in which there is no matter 
acting as a source of the gravitational field. 7 Nevertheless, test particles moving in this 
spacetime do have inertial properties that cannot be explained as an effect of Mach’s “dis- 
tant stars.” In contrast with Einsteins solution, there is no relation between the density of 
matter and the radius of the universe in de Sitter’s solution. Both Einstein’s and de Sitter’s 
cosmological solutions became the subject of intense debate and constituted the principal 
alternatives that were considered. They even motivated the astronomer Edwin Hubble’s 
observations of distant galaxies in the late 1920s, which eventually overturned the belief in 
a static universe, apparently against his own expectations. 

Einstein’s expectation of a Machian explanation of inertia in the theory of general rela- 
tivity gradually changed from a requirement imposed on the theory itself to a criterion to 
be applied just to special solutions of the theory. He soon realized that it cannot be gener- 
ally correct that inertial effects can be explained exclusively by the presence of matter in 
this theory. To make his heuristic expectations precise, in 1918 Einstein explicitly intro- 
duced what he called “Mach’s principle.” 8 It demanded that for solutions satisfying this 
principle, the gravitational field be completely determined by masses of bodies occurring 
on the right side of the field equations in the form of the energy-momentum tensor as 
the sources of the field. In this way Einstein translated Mach’s original ideas from the 
language of mechanics to that of field theory. 
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Subsequently, Einstein began to elaborate the field theoretical interpretation of the 
theory of general relativity more and more — at the expense of emphasis on the mechani- 
cal roots of his original heuristics. His attitude toward Mach’s ideas changed correspond- 
ingly. After 1920, the program of interpreting the theory of general relativity along the 
lines of Mach’s philosophical critique of classical mechanics ceased to play a significant 
role in Einstein’s research. This shift of interest was caused not least by the reorientation 
of his research program in the direction of a unified field theory of gravitation and elec- 
tromagnetism, which had begun in 1 9 1 9. In the course of his work on unified field theory, 
Einstein had come a long way from his initial Machian conviction that matter would play 
a primary role and the concept of space a derived one. 

Nevertheless, the question of Mach’s principle remained open, since it was now closely 
associated with Einstein’s cosmological ideas. These largely coincided with the thinking 
of his contemporaries. In fact, in the period between 1917 and 1930, the prevailing topic 
of debate was, which static universe represents a better model of reality? At the time, 
the question of an expanding universe raised by Alexander Friedmann 9 in 1922 and by 
Georges Henri Lemaitre 10 in 1927 remained largely outside the horizon of observational 
cosmology. Eventually, however, the ground was prepared for a decision about Mach’s 
principle on the basis of astronomical observations. 



Einstein is surprised: 
his “static” universe is 
expanding after all! 


This verdict came with the accumulation of astronomical evidence in favor of an 
expanding universe, the decisive contribution being the work published in 1929 by Hub- 
ble, 11 who was working at the Mount Wilson Observatory. Einstein learned about these 
results early in 1931 during a stay at the California Institute of Technology. Almost imme- 
diately after his return to Berlin, Einstein published a paper on the cosmological problem 
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in which he stated that Hubble’s results had made his assumption of a static universe 
untenable. 12 Instead, as he pointed out, these results were easily explained by the dynam- 
ical solutions of the original field equation. They therefore also — at least temporarily — 
sealed the fate of the cosmological constant as well as that of Mach’s principle. In 1954 
in a letter to Felix Pirani, Einstein wrote: “In my view one should no longer speak of 
Mach’s principle at all. It dates back to the time in which one thought that the “ponderable 
bodies” are the only physically real entities and that all elements of the theory which are 
not completely determined by them should be avoided. (I am well aware of the fact that 
I myself was long influenced by this idee fixe.)” 13 In an appendix to the 1954 edition of 
Einstein’s Relativity: The Special and General Theories (A Popular Account), he returned 
to the issues of relativity and space, expounding his final views in a way that makes them 
accessible also to nontechnical readers. 

FROM THE PUZZLES OF THE SCHWARZSCHILD SOLUTION TO BLACK HOLES 

What we have illustrated here for the case of Machian heuristics is equally valid for other 
heuristic elements that accompanied Einstein on his way to the theory of general rela- 
tivity. They also turned out to require reinterpretation and revision, a process marking 
the ongoing conceptual development of general relativity to this day. Another famous 
example is the gravitational field of a single center such as a star in general relativity. As 
early as the winter of 1915/16, Karl Schwarzschild had derived one of the very few exact 
solutions of general relativity, describing the case that Einstein had previously treated by 
means of approximations. 14 

While Schwarzschild’s work on exact solutions provided the theoretical basis for two 
of the three classical tests of general relativity — the perihelion motion of Mercury and the 



Do not go beyond this 
limit! A black hole is 
lurking behind it. 
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bending of light — some aspects of its physical interpretation remained controversial for 
more than half a century after its formulation. In particular, the physical meaning of the 
so-called Schwarzschild radius was unclear. Initially, it appeared to constitute a singular- 
ity of the solution occurring when the mass of an object is concentrated in a sphere of that 
radius. When first confronted with this problem in 1922, Einstein was convinced that 
this radius simply represented a mathematical artifact, because this limit could never be 
reached physically. 15 In 1939, he even published a calculation by which he meant to prove 
that nature would not allow such strange physical behavior. 16 It was only through the con- 
certed efforts of numerous physicists, mathematicians, and astronomers in subsequent 
years that the exploration of the Schwarzschild solution became connected with a thor- 
ough understanding of stellar collapse. This work eventually gave rise to the realization 
that our universe is not only expanding but is also filled with such apocalyptic objects as 
black holes. 

GENERAL RELATIVITY: FROM THE LOW WATER MARK TO THE HIGH TIDE 

Immediately after its introduction, the theory of general relativity became a hallmark 
of international cooperation in the world of science at a time when the Great War was 
dividing it. The confirmation of gravitational light bending by Eddington’s expedition 
was a culmination of this cooperative spirit. Later, the efforts devoted to the theory 
dwindled, partly because of the excitement generated by the rise of quantum theory. 
The Second World War directed the attention of physicists further away from the seem- 
ingly esoteric pursuit of the implications of Einstein’s theory. The war also divided the 
world of science even more radically, destroying the careers and lives of many who 
might have otherwise collaborated in the further development of Einstein’s theory. In 
a sense, general relativity faded into the background, being largely considered irrele- 
vant to mainstream physics and limited to the explanation of some minor adjustments 
of Newton’s otherwise well-confirmed theory of gravitation. The historian of science 
Jean Eisenstaedt has aptly characterized this period as the “Low Water Mark of General 
Relativity.” 17 Of course, here and there some scientists achieved important insights, but 
these often quickly fell into oblivion. A true renaissance of general relativity began only 
after the war, soon to be reinforced by new astronomical discoveries. At the eve of this 
renaissance, John Synge described the somewhat esoteric position of general relativity 
in the preface of his 1960 textbook: 

Of all physicists, the general relativist has the least social commitment. He is the 
great specialist in gravitational theory, and gravitation is socially significant, but he 
is not consulted in the building of a tower, a bridge, a ship, or an airplane, and even 
the astronauts can do without him until they start wondering which ether their 
signals travel in. Splitting hairs in an ivory tower is not to everyone’s taste, and no 
doubt many a relativist looks forward to the day when governments will seek his 
opinion on important questions. But what does “important” mean? Science has a 
dual aim: to understand nature and to conquer nature, but in the intellectual life 
of man surely it is the understanding which is the more important. Then let the 
relativist rejoice in the ivory tower where he has peace to seek understanding of 
Einstein’s theory as long as the busy world is satisfied to do its jobs without him. 18 
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All Einstein needed to 
reach out to the universe 
was chalk and a blackboard. 



Soon this idyllic situation described by Synge was to change. Today, general relativity 
has become part of daily life: the globalized GPS technology of satellite-based navigation 
would not work without taking into account the implications of both special and gen- 
eral relativity. The tide definitely changed in the 1960s with the discoveries of quasars 
and of microwave background radiation, which could not have been understood with- 
out Einsteins theory. Suddenly, general relativity was back at the center stage of physics. 
Its apparently far-fetched mathematical constructions became much-needed tools for 
explaining a universe that turned out to be far more dynamic, interesting, and diverse 
than the static world of Einstein would have suggested. 

Even today, the mathematical elaboration of the theory, the exploration of its astro- 
nomical consequences, and its physical interpretation continue to pose new problems 
and to generate unexpected insights. The gravitational waves predicted by the theory 
have been traced by astronomical observations but have not yet been confirmed by direct 
measurements. They will open up a new window into the universe. The efforts to achieve 
such measurements have definitively turned general relativity into a modern “big sci- 
ence,” producing a flood of new results. Meanwhile, the relation of general relativity to its 
great sister theory in modern physics — quantum physics — has become a central concern 
of theoretical physicists worldwide. Nevertheless, it remains as much of a challenge now 
as it did when Einstein contributed to both the relativity and the quantum revolutions. 
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A CHRONOLOGY OF THE GENESIS 
OF GENERAL RELATIVITY AND 
ITS FORMATIVE YEARS 


Between 1902 and 1909 Einstein works at the Swiss Patent Office in Bern. 

1905, June 30, Einstein submits “On the Electrodynamics of Moving Bodies,” the first 
formulation of the special theory of relativity. 

1905, July, Henri Poincare proposes two laws of gravitational attraction compatible with 
a special relativistic framework and all astronomical observations explained by New- 
ton’s law. 

1905, September 27, Einstein submits “Does the Inertia of a Body Depend upon Its Energy 
Content?” The paper introduces the notion that mass is a measure of the energy content 
of a body. 

1906, May 17, Einstein submits “The Principle of Conservation of Motion of the Center 
of Gravity and the Inertia of Energy.” The paper shows that the inertia of a body depends 
on its energy content. 

1 907, May 1 4, Einstein submits “On the Inertia of Energy Required by the Relativity Prin- 
ciple.” For the first time he speaks of “the equivalence of mass and energy,” but the impli- 
cations for the relation between inertial and gravitational mass are not yet addressed. 

1907, November 5, Hermann Minkowski discusses Poincares laws of gravitation and 
introduces his four- dimensional spacetime formalism. 

1907, December 4, Einstein submits “On the Relativity Principle and the Conclusions 
Drawn from It,” a review paper in which he first explores the implications of the new 
kinematics of special relativity for gravitation and introduces the equivalence principle, 
as well as its immediate observational consequences. 

1907, December 24, Einstein writes to his friend Conrad Habicht that he is trying to 
explain the shift of Mercury’s perihelion on the basis of a relativistic treatment of the law 
of gravitation but that he has so far not succeeded. 

1908, September 21, Hermann Minkowski delivers a lecture on spacetime, discussing the 
compatibility between his four- dimensional framework of special relativity and Newton’s 
law of gravitational attraction. 


160 


CHRONOLOGY 


1909, September, Einstein begins to consider an extension of the relativity principle to 
uniformly rotating systems. 

1909, October 15, Einstein assumes duties as extraordinary professor at the University of 
Zurich. 

1910, Einstein embraces Minkowski’s four- dimensional formalism as an essential spring- 
board to the extension of the special theory of relativity. 

1911, April 1, Einstein assumes his appointment as professor at the German University 
of Prague. 

1911, Max von Laue finds that the inertial behavior of an extended physical system in 
special relativity has to be described by the energy momentum tensor that later will play 
the major role as a source of the gravitational field. 

1911, June 21, Einstein submits “On the Influence of Gravitation on the Propagation of 
Light.” He predicts that the gravitational bending of light rays passing near the sun may 
be confirmed by astronomical observations. 

1911, December 14, Max Abraham submits the first of a series of papers in which he 
develops a theory of the gravitational force using Minkowski’s four-dimensional space- 
time formalism. 

1912, February 15, Max Abraham reacts to Einstein’s criticism that his theory is actually 
incompatible with Minkowski’s framework by introducing an infinitesimal line element 
with variable metric but without further commenting on it. 

1912, February 26, Einstein submits “The Speed of Light and the Statics of the Gravita- 
tional Field.” In this paper he proposes a relativistic theory of the static gravitational field 
based on a generalization of Newton’s gravitational law using the equivalence principle. 
By this time, he must also have realized that a complete theory of gravitation would need 
to go beyond a scalar theory and also beyond Euclidean geometry. 

1912, March 23, Einstein submits “On the Theory of the Static Gravitational Field.” He 
corrects his earlier theory, which he had found not to be in agreement with the princi- 
ple of momentum conservation. Realizing that the gravitational field can act as its own 
source, he amended his earlier field equation. 

1912, April 15-22, Einstein visits the astronomer Erwin Freundlich in Berlin and dis- 
cusses with him the possibilities to observe gravitational bending, for instance, during a 
solar eclipse. They also discuss gravitational redshift, as well as the idea of gravitational 
lensing, which Einstein publishes only 24 years later. 

1912, May 23, Einstein publishes a “Note Added in Proof” to his earlier paper on the static 
gravitational field, reformulating the equation of motion in a gravitational field with the 
help of a variational principle. At the end of the note he states that this reformulation 
suggests how such an equation should look for the general case, thus pointing to the role 
of the line element in general relativity. 

1912, July, Einstein publishes “Is there a Gravitational Effect Which is Analogous to Elec- 
trodynamic Induction.” This paper makes it clear that Mach’s ideas and the analogy with 
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electromagnetism are important guidelines for his search for a relativistic theory of the 
gravitational field. 

1912, July 25, Einstein departs for Zurich to take up a position as professor at the ETH. 

1912, August, Einstein establishes an expression for the general equation of motion in a 
gravitational field. 

Summer 1912 to Spring 1913, Einstein explores with Grossmann the resources of Rie- 
mannian geometry to find a gravitational field equation. This effort is documented in the 
famous Zurich Notebook. 

1912, 20 October, Gunnar Nordstrom publishes a new gravitation theory within a special 
relativistic framework. 

1913, before May 28, Einstein and Grossmann complete “Outline of a Generalized 
Theory of Relativity and of a Theory of Gravitation” (the Entwurf theory). The theory 
fails to be generally covariant, but Einstein eventually convinces himself that this is 
unavoidable. 

1913, May, with the help of Michele Besso, Einstein derives the perihelion shift of Mer- 
cury based on the Entwurf theory, which leads to about half of the correct result. 

1913, after August, following a suggestion by Michele Besso, Einstein develops the hole 
argument, which seemingly excludes generally covariant theories. 

1913, September 23, Einstein lectures in Vienna on the “On the Present State of the Prob- 
lem of Gravitation.” Elere, he refers to Nordstrom’s special relativistic gravitation theory 
as the only viable competitor. 

1913, December, in a letter to Ernst Mach, Einstein suggests that Mach’s criticism of New- 
ton’s concept of absolute space is the strongest support of his theory. 

1914, January 30, Einstein adds the hole argument as an additional argument to justify 
the Entwurf theory. 

1914, February 19, Einstein publishes, jointly with A. D. Fokker, “Nordstrom’s Theory of 
Gravitation from the Point of View of the Absolute Differential Calculus.” 

1914, March 29, Einstein arrives in Berlin to take up his position at the Royal Prussian 
Academy of Sciences. 

1914, May 29, Berlin, Einstein publishes, jointly with Grossmann, “Covariance Proper- 
ties of the Field Equations of the Theory of Gravitation Based on the Generalized Theory 
of Relativity,” in which he introduces a variational principle for the Entwurf theory. 

1914, October 29, Berlin, Einstein submits “The Formal Foundation of the General The- 
ory of Relativity” as a conclusive account of general relativity based on the Entwurf the- 
ory, a claim that he will soon regret. 

1915, June 28-July 5, Gottingen, Einstein gives several lectures on general relativity. 

1915, November 4, Einstein abandons the Entwurf theory and submits to the Prussian 
Academy of Sciences the first of a series of papers, titled “On the General Theory of 
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Relativity.” There he returns to a gravitation theory based on the Riemann tensor, how- 
ever, without yet reaching general covariance. 

1 91 5, November 1 1 , Einstein submits “On the General Theory of Relativity (Addendum) .” 
This paper offers a reinterpretation of his earlier results, introducing the hypothesis that 
all matter is of electromagnetic origin. 

1915, November 18, Einstein submits “Explanation of the Perihelion Motion of Mercury 
from the General Theory of Relativity,” in which a calculation based on the new theory 
provides the expected result. 

1 91 5, November 25, Einstein submits the definitive version of general relativity in a paper 
titled “The Field Equations of Gravitation.” 

1915, December 22, Karl Schwarzschild communicates to Einstein the first exact solution 
of general relativity that describes a spherically symmetric gravitational field in a vacuum. 

1915, December 26, in a letter to Paul Ehrenfest Einstein outlines the first coherent syn- 
thesis of his new theory presented in the four November papers. 

1916, February 24, Einstein submits to the academy Schwarzschild’s second paper, 
describing the interior gravitational field of a sphere of fluid with uniform energy density. 
Here the quantity later to become known as the Schwarzschild radius — which will play an 
important role in the theory of black holes many decades later — makes its first appearance. 

1916, March 20, Einstein submits “The Foundation of the General Theory of Relativity.” 
An unpublished “Appendix” supplies his “Formulation of the Theory on the Basis of a 
Variational Principle.” 

1916, June 22, Einstein presents his “Approximate Integration of the Field Equations of 
Gravitation,” the first paper in which he raises the possibility of gravitational waves. 

1916, October 26, Einstein publishes a slightly modified version of the unpublished 
appendix to the “The Foundation of the General Theory of Relativity,” titled “Hamilton’s 
Principle and the General Theory of Relativity.” 

1916, December, Einstein finishes his exposition “On the Special and the General Theory 
of Relativity (A Popular Account).” 

1917, February 8, Einstein submits the paper “Cosmological Considerations in the Gen- 
eral Theory of Relativity,” in which he introduces the cosmological constant to secure a 
static universe compatible with Mach’s idea that inertia is caused by cosmic masses. 

1918, January 31, Einstein submits his paper “On Gravitational Waves.” 

1918, March 6, Einstein submits “On the Foundations of the Theory of General Relativ- 
ity,” the paper in which he explicitly introduces Mach’s principle as a criterion for admis- 
sible solutions of general relativity. He also agrees with Erich Justus Kretschmann, who 
argued in 1917 that every meaningful physical theory can be expressed in a generally 
covariant form. 

1919, September 22, Einstein receives confirmation of the predicted bending of light by 
the gravitational field of the sun, observed during a solar eclipse. 
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1921, April 2 to May 30, Einstein lectures at Princeton University. His lectures are later 
turned into a formative text published under the title “The Meaning of Relativity.” 

1922, November 9, Einstein is informed that he is to receive the 1921 Nobel Prize in 
Physics. 

1922, September, Alexander Friedmann publishes a dynamic solution of the field equa- 
tion that is criticized by Einstein, who later retracts his criticism. 

1927 April, Georges Lemaitre publishes a paper on a solution of general relativity describ- 
ing an expanding universe. 

1929 January, Edwin Hubble publishes a paper on his astronomical observations suggest- 
ing an expansion of the universe. 

1929, beginning of an exchange of letters between Einstein and Elie Cartan dealing, 
among other subjects, with a mathematical reformulation of general relativity in the con- 
text of attempts at its generalization. 

1931, April 1 6 , Einstein publishes a paper on the cosmological problem, in which he states 
that Hubbles results have made his assumption of a static universe untenable. 

1932, March, in a joint paper with Willem de Sitter he withdraws the cosmological constant. 



PHYSICISTS, MATHEMATICIANS, AND 
PHILOSOPHERS RELEVANT TO EINSTEIN'S THINKING 


Abraham, Max (1875-1922) 

The theoretical physicist Max Abraham worked predominantly on 
Maxwells theory of electricity. In 1902 he developed a theory of elec- 
trodynamics in which he applied Maxwells differential equations of the 
electromagnetic field to the dynamics of electrons. Abrahams theory was 
based on the assumption of an ether in which the electromagnetic phe- 
nomena took place, as opposed to Einsteins special theory of relativity 
published in 1905. In the following years the two were involved in a fundamental scientific 
dispute. Abraham mastered the mathematical technicalities and was able to fully understand 
Einstein’s theory, but he refused to accept it on the basis of his physical assumptions about 
the nature of the ether and the electron. Abraham was the first to use Minkowski’s formalism 
to propose a gravitational field theory, which provoked another controversy with Einstein. 

Bernays, Paul (1888-1977) 

The Swiss mathematician Paul Bernays was lecturer of analysis at the 
University of Zurich from 1912 to 1919. Afterward, he taught at the 
University of Gottingen until 1933, when he was forced to emigrate and 
returned to Zurich. Bernays’s main contributions concerned mathemat- 
ical and propositional logic, axiomatic set theory, and the foundations 
of mathematics. In 1914, he suggested to Einstein and Grossman that 
they use variational calculus in the formulation of the relativity theory. During his time in 
Gottingen, Bernays collaborated with Hilbert in pursuing the program of axiomatization of 
mathematics and contributed to Hilbert’s main book on the foundations of mathematics. 

Besso, Michele (1873-1955) 

H Einstein met Michele Besso, a mechanical engineer, in 1896 in Zurich, 
where Besso had recently enrolled as a student at the Federal Tech- 
nical University. They became lifelong friends and, for a while, were 
even colleagues at the Swiss Patent Office in Bern. Besso was an inter- 
ested listener who was able to pose questions that would stimulate Ein- 
stein, in their frequent and long conversations, to discuss, clarify, and 
develop his ideas. Besso’s role in this process was so important that he was the only person 
Einstein acknowledged in his paper introducing the special theory of relativity. 
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Born, Max (1882-1970) 

H Max Born was one of the founders of modern quantum physics. Born 
studied mathematics and physics at different universities. Among his 
teachers in Gottingen was Hermann Minkowski, who introduced him 
to electrodynamics and special relativity theory. Born’s first publica- 
tions, written between 1909 and 1914, were dedicated to electron the- 
ory, relativity theory, crystal physics, and Einsteins quantum theory 
of specific heat. In the following years, he focused his work on atomic physics and the 
mathematical development of quantum physics. In 1915, Born was appointed professor 
for theoretical physics at the University of Berlin, where he became a close friend of Ein- 
stein’s. Later, he also taught in Frankfurt, and from 1 92 1 in Gottingen, where he formed a 
group that in 1925 formulated the foundations of quantum mechanics. In 1933, Born was 
forced to emigrate and moved to Great Britain. 

Christoffel, Elwin Bruno (1829-1900) 

, -> The German mathematician Elwin Christoffel contributed with sev- 

4 eral works to the development of Bernhard Riemann’s theory of 

curved surfaces (Riemannian geometry). In particular, in 1882, he 
introduced index symbols that describe the transformation of geomet- 
ric data along curved surfaces. In 1901, the Christoffel symbols were 
incorporated into the absolute differential calculus by Gregorio Ricci- 
Curbastro and Tullio Levi-Civita. In 1912, Marcel Grossman acquainted Einstein — at 
the time working on the field equations of his gravity theory — with this mathematical 
formalism. But it was not until 1915, when Einstein interpreted Christoffel symbols as a 
mathematical expression of the gravitational field, that he was able to formulate the field 
equations of the general theory of relativity. 

Eddington, Arthur Stanley (1882-1944) 

H The British astrophysicist Arthur Eddington became director of the 
Observatory of Cambridge in 1914. His research focused on stellar 
physical processes such as radiation and energy generation and, later, 
on the mathematical and cosmological aspects of general relativity. 
Eddington became aware of Einstein’s general theory of relativity in 
1915 through Willem de Sitter’s papers and soon began to promote 
its empirical testing. In 1919, he led an expedition to the African island of Principe to 
observe the behavior of light rays in the gravitational field of the sun during a solar 
eclipse. Eddington’s observations confirmed the deflection of light as predicted by Ein- 
stein’s theory and were considered at the time conclusive proof of general relativity. In 
1979, Eddington’s results were confirmed using modern measuring equipment. 
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Ehrenfest, Paul (1880-1933) 

In 1912, Paul Ehrenfest was appointed to the Chair of Theoretical 
Physics at Leiden, succeeding Hendrik Antoon Lorentz. In the pre- 
ceding years he and his wife Tatiana Afanasieva had made important 
contributions to statistical mechanics. In 1909, Ehrenfest formulated a 
paradox showing that rigid bodies are not compatible with the special 
theory of relativity. This led Einstein to recognize that the geometry of 
a rotating frame of reference is not Euclidean. Ehrenfest worked predominantly on the 
early quantum theory and later on quantum mechanics. After meeting for the first time 
in 1912, Einstein and Ehrenfest discussed various physics problems on many occasions. 
Ehrenfest also arranged a number of notable conversations between Einstein and Niels 
Bohr on quantum physics. 

Eotvos, Lorand (1848-1919) 

The Hungarian physicist Lorand Eotvos first gained international rec- 
ognition with his contributions to the study of capillarity, but gravita- 
tion and its measurement soon became the lifelong focus of his work. 
To measure the gravitational attraction exerted by Earth on different 
substances or at different locations, Eotvos employed the torsion bal- 
ance, an instrument previously used by Henry Cavendish to determine 
the attraction between two masses. Eotvos developed a complete theory of the torsion 
balance, improved its sensitivity, and devised new methods of measurement. In particu- 
lar, he performed a long series of very precise measurements of the rate of gravitational 
acceleration for different bodies that proved the equivalence of gravitational mass and 
inertial mass. The principle of equivalence based on it became one of the building blocks 
of the theory of general relativity. 

Euler, Leonhard (1707-1783) 

H The Swiss mathematician Leonhard Euler was a member of the Russian 
Academy of Science in Saint Petersburg from 1727 to 1741 and again 
from 1766 onward. In the period between these years, he worked at the 
Prussian Academy of Science in Berlin. Euler made enormous contri- 
butions to almost all areas of mathematics, such as analysis, infinites- 
imal calculus, graph theory, geometry and trigonometry, differential 
and integral calculus, algebra, and number theory. He also introduced the modern math- 
ematical terminology and notation. Eulers work on mathematics was closely connected 
with applications to problems of technology, astronomy, and physics — for example, 
optics, statics, and hydraulics. In particular, he created the mathematical apparatus of 
hydrodynamics, including the equations governing fluid motions used by Einstein in the 
formulation of his relativity theory. 
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Freundlich, Erwin Finlay (1885-1964) 

Erwin Freundlich was a young assistant at the Astronomical Obser- 
vatory in Berlin when he first came into contact with Einstein in 1911 
through the Prague astronomer Leo Wenzel Poliak. Freundlich enthu- 
siastically took on the task of testing the effects of gravitation on the 
propagation of light, as predicted by the still-incomplete theory of gen- 
eral relativity. For a while, he was one of Einsteins closest collabora- 
tors but remained isolated from other German astronomers because of their skepticism 
toward Einstein’s theory. In 1920, he was the principal initiator of the Einstein Institute, 
an observatory dedicated specifically to strengthening the empirical foundations of Ein- 
stein’s gravitational theory in the astrophysical domain. During his scientific career, Fre- 
undlich organized several expeditions to observe light deflection during solar eclipses 
and focused his research on the wavelength shifts in solar and stellar spectra. 

Friedmann, Alexander Alexandrowitsch (1888-1925) 

The Russian physicist Alexander Friedmann taught at the University 
of Perm from 1918 until 1920 and subsequently worked at the Acad- 
emy of Science in Petrograd, now Saint Petersburg. He concentrated 
his research on theoretical meteorology and hydromechanics but 
also worked on mathematical and cosmological aspects of the gen- 
eral theory of relativity. In two papers published in 1922 and in 1924, 
Friedmann outlined a model of a nonstatic universe in the frame of general relativity, 
dispensing with Einstein’s cosmological constant in the field equations. Einstein later 
acknowledged that Friedmann’s solution was correct, though Einstein did not accept it, as 
he was not ready to renounce the model of a static universe. 

Gamow, George (1904-1968) 

H The Russian theoretical physicist George Gamow immigrated to the 
United States in 1 934 and was appointed professor of physics at George 
Washington University in Washington, DC. After an initial phase 
dedicated to the research of problems of quantum theory and nuclear 
physics, Gamow concerned himself with cosmology and the applica- 
tion of nuclear physics to astronomical phenomena. He was a strong 
advocate of the expanding-universe theory and contributed to the development of the 
Big Bang theory regarding the origin of the universe. Gamow wrote a great number of 
successful popular science books. 
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Gauss, Carl Friedrich (1777-1855) 


For most of his life Carl Friedrich Gauss was the director of the astro- 
nomical observatory in Gottingen but also worked in a wide range of 
scientific domains, such as mathematics, geometry, mechanics, and 
dioptrics, to which he made substantial contributions. In particu- 
lar, Gauss dealt also with geodesy and in 1828 published a book on 
the geometry of curved surfaces that became the fundament of the 
new discipline of differential geometry In 1912, Einstein became aware of the analogy 
between the mathematical formulation of general relativity and the Gaussian theory of 
curved surfaces. Shortly afterward, his friend Marcel Grossman introduced him to the 
modern developments in differential geometry, whose new mathematical instruments 
enabled Einstein to finalize his theory. 



Grossmann, Marcel (1878-1936) 


Einstein and Marcel Grossmann became close friends as students at 
the Federal Technical University in Zurich. Grossmann studied math- 
ematics and in 1907 became professor of descriptive geometry at the 
same university. In the following years, he helped Einstein not only in 
his academic career but also in his scientific work. In 1912, Grossman 
introduced Einstein to recent developments in the absolute differential 
calculus by Riemann, Ricci-Curbastro, and Levi-Civita. Together they developed new 
mathematical tools and formulated a first generalized theory of relativity, the so-called 
Entwurf theory. 
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Hale, George Ellery (1868-1938) 


H At a time when astronomers were mostly concerned with the positions, 
motions, and distances of stars rather than their physical nature, in his 
student years, the U.S. astronomer George Ellery Hale was already apply- 
ing spectroscopic methods to the observation of solar phenomena. Hale 
made great contributions to the advancement of astrophysical research 
with his observations, in particular on solar spectra and the magnetic 
fields in sunspots, and by promoting the foundation of astrophysical observatories. In 1904, 
he founded the Mount Wilson Observatory and directed it until his retirement. It was Hales 
authority in solar astrophysics that probably led Einstein in 1913 to seek his advice on the 
possibility of detecting light deflection in the suns gravitational field. 
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Hertz, Heinrich Rudolf (1857-1894) 

The German physicist Heinrich Hertz was the first to prove conclu- 
sively the existence of electromagnetic waves predicted by James C. 
Maxwell. Hertz built an experimental setup to transmit and receive 
radio pulses using procedures that ruled out all other possible wireless 
phenomena. He also developed a formulation of classical mechanics 
excluding the concept of force. 

Hilbert, David (1862-1943) 

In 1895, David Hilbert was appointed professor of mathematics at the 
University of Gottingen. He was one of the most influential mathema- 
ticians of his time and contributed substantially to many branches of his 
discipline, including the theory of invariants, algebraic number theory, 
analysis, and the theory of integral equations. Around 1898- 1 899, Hilbert 
worked on the axiomatic foundations of geometry. Pursuing a program 
of the axiomatization of all mathematical sciences, in 1912 Hilbert started to work on the 
axiomatic foundations of physics and learned of Einsteins efforts toward general relativity. In 
1915, he integrated Einsteins results in a unifying theory of electrodynamics and relativity. 

Hubble, Edwin (1889-1953) 
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Hume, David (1711-1776) 

David Hume was a major figure in what is known as the Scottish Enlight- 
enment, the blossoming of culture and sciences that took place in par- 
ticular in Edinburgh and Glasgow in the mid-eighteenth century. Hume 
was a historian and, above all, a philosopher. His reflections concerned 
political theory, economics, ethics, logic, and theory of knowledge. 
According to Hume, all ideas are based on perceptions — that is, expe- 
rience through senses — and knowledge is the result of experimental reasoning — that is, 
reflection on data of experience. It is therefore not possible to assert something about what 
one cannot experience. As to scientific thinking, Hume maintained that the necessary con- 
nections between facts, scientific laws or causal connections, are constructs of the human 
mind resulting from repeated experiences and do not have a metaphysical existence. 



The U.S. astronomer Edwin Hubble began working in 1 9 1 9 at the Mount 
Wilson Observatory in California. With his investigations on galactic 
nebulae and variable stars, he played a crucial role in establishing modern 
extragalactic astronomy. In a paper published in 1929, Hubble delivered 
observational evidence that the recessional velocity of a galaxy increases 
with its distance from the observer. Initially, he was uncommitted to the 
conclusion of an expanding universe, as expounded some years earlier by Georges Lemaitre 
and Alexander Friedmann on the basis of calculations in the frame of Einsteins general 
relativity. Hubbles results convinced Einstein to abandon the cosmological constant he had 
introduced in his field equations to maintain the model of a static universe. 
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Kottler, Friedrich 1886-1965 


Friedrich Kottler was professor of mathematical physics at the Phil- 
osophical School of the University of Vienna. He was an important 
contributor to the further development of special theory of relativity. 
Building on the work of Minkowki, Sommerfeld, and Laue on four- 
dimensional electrodynamics, Kottler was the first in 1912 to use the 
absolute differential calculus of Ricci- Curbastro and Levi-Civita to 
express Maxwell’s equations in generalized coordinates. However, he did not relate this 
work to the problem of gravitation. Einstein later used Kottler ’s work in developing the 
general relativity theory. After immigrating to the United States in 1939, Kottler worked 
for many years as a chemist at Eastman Kodak. He returned to Austria in 1956, where he 
reclaimed his chair at the university. 
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Kretschmann, Erich Justus (1887-1973) 


The German physicist Erich Kretschmann studied with Max Planck and 
Heinrich Rubens at the University of Berlin where he received his Ph.D. 
in 1914. He became a high school teacher and later a professor of theo- 
retical physics in Konigsberg and Halle. In 1917 he published a paper on 
Einstein’s theory of general relativity in which he argued that the princi- 
ple of general covariance has no physical content but just constitutes a 
mathematical requirement, a claim that led to an exchange with Einstein about the meaning 
of the general principle of relativity. 
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Lemaitre, Georges (1894-1966) 

Alongside theological studies, the Belgian Catholic priest Georges 
Lemaitre pursued research in astrophysics, cosmology, and mathe- 
matics. In 1927, he was appointed professor of physics at the Univer- 
sity of Louvain. As early as 1925, Lemaitre worked on the application 
of Einstein’s general theory of relativity to cosmology and in 1927 
published a fundamental paper in which he solved the equations of 
the gravitational field without using Einstein’s cosmological constant. He maintained 
that the universe is expanding, as Alexander Friedmann had shown some years ear- 
lier. Lemaitre delivered a demonstration of Hubble’s law of recessional velocity before 
Hubble himself did. Einstein and Lemaitre discussed the theory on several occasions, 
but Einstein accepted its cosmological consequences only in 1931, when he learned of 
Hubble’s results. 
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Levi-Civita, Tullio (1873-1941) 

The Italian mathematician Tullio Levi-Civita taught at the Universi- 
ties of Pavia, Padua and, finally, Rome. He published a great number 
of works on pure and applied mathematics, dealing in particular with 
analytical mechanics, celestial mechanics, hydrodynamics, elasticity, 
electromagnetism, and atomic physics. Around 1899-1900, Levi- 
Civita and his professor, Ricci-Curbastro, wrote a fundamental treatise 
on absolute differential calculus and its applications to express geometric and physical 
laws in Euclidean and non-Euclidean spaces. Einstein and Grossmann later used and 
developed these new mathematical tools to formulate the general theory of relativity. In 
the years 1915-1917, Einstein and Levi-Civita corresponded about mathematical prob- 
lems of the theory. 

Lorentz, Hendrik Antoon (1853-1928) 

The Dutch physicist Hendrik Antoon Lorentz was appointed profes- 
sor at the University of Leiden in 1877. His most influential contribu- 
tions concerned the theory of light and electromagnetism as well as 
the electron theory. Starting from Maxwell’s electromagnetic theory, 
Lorentz developed his electron theory and, in particular, an electro- 
dynamics of moving bodies based on the assumption of a stationary 
ether. Lorentz’s electrodynamics constituted the fundament of Einsteins special theory 
of relativity, which, however, disposed of the medium ether. Lorentz recognized the con- 
sistency of Einstein’s theory and made contributions to it but continued to support the 
existence of the ether. In later years, Lorentz also contributed to the development of the 
general theory of relativity. 

Mach, Ernst (1838-1916) 

The Austrian physicist and philosopher Ernst Mach was appointed 
professor of physics at the University of Prague in 1867, and professor 
for history and philosophy of science at the University of Vienna in 
1895. His physical research was dedicated to problems of optics (Dop- 
pler effect) and acoustics (sound waves). In this connection, Mach 
also studied the physiology and psychology of sensory perception, on 
which he published a book in 1886. These studies led Mach to question the mechanis- 
tic and atomistic views prevalent at the time and to formulate an empirical theory of 
knowledge that strongly influenced the logical positivism of the twentieth century. In 
particular, Mach’s criticism of Newton’s concept of absolute space, expounded in a book 
he published in 1883 on the history of mechanics, played a role in Einstein’s reflections 
that led him to the general theory of relativity. 
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Maxwell, James Clerk (1831-1879) 

Besides his contributions to geometric optics, kinetic theory of gases, 
and thermodynamics, as well as to other fields of theoretical and 
experimental physics, the British physicist James Clerk Maxwell is 
best known for his investigations in electromagnetism. In the years 
1860-1862, he developed a first formulation of a set of equations that 
describe electromagnetic and optic phenomena as manifestations of 
the electromagnetic field and suggested the hypothesis that light itself consists of electro- 
magnetic waves. Maxwells equations of the electromagnetic field became a starting point 
for Einsteins special theory of relativity. 



Mie, Gustav (1869-1957) 


H 'lhe German physicist Gustav Mie was appointed professor at the 
University of Greifswald in 1902 and later taught at the universities 
of Halle and Freiburg. Besides his contributions concerning optical 
phenomena in colloids, X-ray analyses of organic compounds, and 
electromagnetism, Mie’s most influential work was a theory of mat- 
ter published in 1912. It represents a nonlinear extension of Maxwells 
electrodynamics in the framework of Einsteins special relativity, in the hope of explain- 
ing particles as emerging properties of the field. Mie also tried to include gravitation in 
his electrodynamics, an attempt that was later taken up by Hilbert. 
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Minkowski, Hermann (1864-1909) 

Hermann Minkowski was professor of mathematics at the Federal 
Technical University in Zurich from 1896 until 1902 and afterward 
at the University of Gottingen. During his studies in Zurich, Einstein 
had attended several of his courses. Minkowski created and devel- 
oped the geometry of numbers, a geometric method of solving prob- 
lems in number theory. In addition, he applied this approach to the 
field of mathematical physics and the theory of relativity. In 1907, he showed that Ein- 
stein’s special theory of relativity could be understood geometrically as a theory of four- 
dimensional spacetime. Minkowski’s geometric formulation of the theory became the 
basis for Einstein’s formulation of generalized theory of relativity. 
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Nernst, Walther (1864-1941) 

Walther Nernst was appointed professor of physical chemistry at the 
University of Berlin in 1905 and led research institutes for physical 
chemistry and for applied physics. With his works on electrochemis- 
try, solid-state chemistry, photochemistry, and the thermodynamic of 
gases, Nernst contributed to the establishment of physical chemistry. 
In 1905, he formulated the so-called third law of thermodynamics. The 
experiments to confirm the law also led to the confirmation of Einstein’s quantum the- 
oretical predictions on the specific heat of solid bodies. Nernst was a great organizer of 
scientific research and initiator of scientific institutions. As a member of the Prussian 
Academy of Science, he played a decisive role in Einsteins election to the academy and his 
subsequent move to Berlin. 

Noether, Emmy (1882-1935) 

The German mathematician Emmy Noether is considered as one of 
the founders of modern algebra, but she had to overcome prejudice 
and opposition to womens rights to study and to pursue an academic 
career before she was able to obtain a professorship at the University 
of Gottingen in 1922. By that time, Noether had already made signif- 
icant contributions to the theory of algebraic invariants, such as the 
so-called Noether’s theorem, published in 1918, which provides a general mathematical 
demonstration also for the conservation laws in Einstein’s general theory of relativity. In 
the following years, Noether contributed to topology and other fields of mathematics. 
Above all, she created and developed the new field of abstract algebra. 

Nordstrom, Gunnar (1881-1923) 

E The Finnish theoretical physicist Gunnar Nordstrom became a lecturer 
at the University of Helsinki in 1910 and later professor at the Techni- 
cal University there. As a student, he had already written about Min- 
kowski’s electrodynamics and about the theory of relativity. In 1912, he 
formulated a special relativistic theory of gravitation and in the follow- 
ing years published several works concerning this topic. Nordstrom 
himself discussed this subject with Einstein on several occasions, for instance, in Zurich 
in 1913. Later, Nordstrom did research on radioactivity and also worked on electricity 
theory and thermodynamics. 
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Ricci-Curbastro, Gregorio (1853-1925) 

The Italian mathematician Gregorio Ricci-Curbastro began teaching 
at the University of Padua in 1880 and remained there for 40 years. He 
published works on higher algebra, on infinitesimal analysis, and on 
the theory of real numbers but is best known for the invention of the 
absolute differential calculus, a calculus in which formulas and results 
retain the same form no matter what system of variables is used. In 
1900, Ricci-Curbastro published a complete exposition, written with his student Levi- 
Civita, about the calculus and its applications, for example, in geometry and in partic- 
ular to the Riemannian manifold. In 1912, Grossmann realized that the mathematical 
language of absolute differential calculus could be used to formulate Einsteins general 
theory of relativity. 

Riemann, Bernhard (1826-1866) 

The German mathematician Bernhard Riemann began to study math- 
ematics in Gottingen under Carl Friedrich Gauss and later took over 
his chair. He made lasting contributions to analysis, number theory, 
and differential geometry. In 1854, he extended Gauss’s differential 
geometry, which dealt with curved surfaces in a three-dimensional 
space, to a theory of curved surfaces in n -dimensional spaces known as 
Riemannian geometry, thereby setting the stage for Einsteins general theory of relativity. 
In order to characterize such curved surfaces, he introduced the curvature tensor that 
became an important mathematical instrument of general relativity. 

Schlick, Moritz (1882-1936) 

The German philosopher Moritz Schlick was the founder of the Vienna 
Circle. After completing his studies in physics, Schlick turned to phi- 
losophy and concerned himself with problems of ethics, epistemology, 
and philosophy of science. In 1922, he was appointed professor at the 
University of Wien, as successor to Ernst Mach. In 1915, Schlick had 
already published a paper on the philosophical implications of Ein- 
stein’s theory of relativity, discussing Einstein’s clarification of the concept of simultaneity 
at a distance. In a subsequent book about the concepts of space and time in contemporary 
physics, Schlick explained Einstein’s adoption of non-Euclidean geometry. In 1918 he 
published a major work on the theory of knowledge. He argued that the physically real is 
characterized by space-time coincidences, a concept that became instrumental in over- 
coming Einstein’s infamous hole argument. 
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Schwarzschild, Karl (1873-1916) 

The German astrophysicist Karl Schwarzschild was professor of astron- 
omy at the University of Gottingen and director of the local observa- 
tory from 1901 to 1909. Later, he became director of the astrophysical 
observatory in Potsdam. In his early years, Schwarzschild focused 
his work on celestial mechanics and stellar photometry. He was the 
first to systematically use photography in astronomical observations. 
Later, he also concerned himself with problems of geometric optics, electrodynamics, 
and spectroscopy applied to astrophysical phenomena. In 1914, Schwarzschild attempted 
to observe a gravitational redshift in the solar spectrum, as predicted by Einsteins general 
theory of relativity. In 1915 and 1916, he was the first to develop exact solutions to Ein- 
stein’s field equation. 

de Sitter, Willem (1872-1934) 

In 1908, the Dutch astronomer Willem de Sitter was appointed profes- 
sor at the University of Leiden, where he became director of the obser- 
vatory in 1919. His main contributions concerned celestial mechanics, 
stellar photometry, the measurement of stellar parallaxes, and the 
application of the theory of relativity to cosmology. In 1913, de Sitter 
provided astronomical evidence for the constancy of the velocity of 
light in observations of double stars, thus confirming Einstein’s special theory of relativ- 
ity. In the years 1916-1917, he published papers on the astronomical consequences of 
Einstein’s gravitational theory, which attracted the attention of Arthur Stanley Eddington 
and led to his solar eclipse expedition in 1919. In 1932, de Sitter and Einstein collaborated 
on a paper about the expansion of the universe. 

Sommerfeld, Arnold (1868-1951) 

The German theoretical physicist Arnold Sommerfeld was appointed 
professor at the University of Munich in 1906. He had studied mathe- 
matics and later shifted to mathematical physics. Sommerfeld became 
one of the most important pioneers of atomic and quantum physics, 
about which he published a first fundamental book in 1919. He was 
an excellent academic teacher and formed an influential school of 
theoretical physicists. Because of his mastery of mathematical instruments, Sommerfeld 
was able to apply Einstein’s special theory of relativity to different problems of physics 
and thus contributed to the establishment of the theory in the years 1907-1910. In this 
period, Sommerfeld and Einstein also met personally and discussed problems of the early 
quantum theory. Their scientific exchange continued in later years through extensive 
correspondence. 
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Synge, John (1897-1995) 

The Irish theoretical physicist John Synge was appointed professor at 
Trinity College Dublin in 1925 and also taught at several universities 
in the United States and Canada. He made important contributions 
to different fields, including classical mechanics, geometric optics, 
and hydrodynamics, as well as mathematical physics and differential 
geometry After the Second World War, Synge played a major role in 
the renewal and development of studies on the relativity theory, about which he pub- 
lished several books. 

von Laue, Max (1879-1960) 

The German theoretical physicist Max von Laue was appointed lec- 
turer at the University of Berlin in 1906. From 1914 to 1919, he was 
professor at the University of Frankfurt, and from 1919, at the Uni- 
versity of Berlin. Laue was particularly concerned with mathematical 
aspects of problems of optics and in 1907 delivered a mathematical 
explanation of a problem of light propagation in the frame of Einsteins 
special theory of relativity. Laues work fostered the acceptance of the theory. He also con- 
tributed to its development by developing relativistic continuum mechanics. In 1912, he 
discovered the diffraction of X-rays by crystals. After their first meeting in 1906, Laue and 
Einstein became lifelong friends. 

Weyl, Hermann (1885-1955) 

H In 1913, the German mathematician Hermann Weyl was appointed 
professor at the Technical University of Zurich, where he met Einstein 
and started to work on mathematical aspects of general relativity. In 
1930, Weyl took over David Hilberts position in Gottingen but immi- 
grated to the United States in 1933, joining Einstein at the Institute for 
Advanced Study in Princeton. Weyl made important contributions to 
the development of theoretical physics and mathematics. His main concern in early years 
had been analysis and spectral theory, but he later became interested in topology and 
differential geometry. In 1918, Weyl published one of the most influential books on gen- 
eral relativity in which he offered new interpretations of some of its basic mathematical 
concepts. In the following years, he worked on the theory of groups and its application 
to quantum mechanics. In addition, Weyl concerned himself throughout his scientific 
career with the foundations of mathematics and philosophy of science. 
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FURTHER READING 


The topics covered in this book have been dealt with extensively in a rich 
academic literature, ranging from physics to philosophy to the history of science. This 
collective effort of many scholars has produced a number of excellent comprehensive 
texts covering all aspects of the subject matter of this book. In the commentaries, we have 
made use of this vast intellectual resource. Here we have selected a short list of works 
based on two criteria: works that served us in our presentation of the history of general 
relativity, and those that may benefit nonspecialist readers who are interested in enrich- 
ing their knowledge beyond the present exposition. 

The authoritative edition of Einsteins papers is The Collected Papers of Albert Ein- 
stein, Vols. 1-14 (Princeton, NJ: Princeton University Press, 1987-). This edition con- 
tains numerous invaluable introductions to the various aspects of Einsteins biography 
and work. The translations given here are based on those featured in the English trans- 
lation volumes. The published volumes of the Collected Papers have been made available 
online under einsteinpapers.press.princeton.edu. Also a substantial part of the Ein- 
stein Archives at The Hebrew University of Jerusalem are available online under www 
.alberteinstein.info. 

Einstein himself endeavored to present his thoughts and theories in a generally under- 
standable way. The corresponding publications are still among the most readable intro- 
ductions to his work. 

Einstein, Albert. 1920. Relativity: The Special and the General Theory; A Popular Exposi- 
tion by Albert Einstein. Translated by R. W. Lawson. London: Methuen. 

. 1922. The Meaning of Relativity: Four Lectures Delivered at Princeton Univer- 
sity, May 1921 by Albert Einstein. Translated by Edwin Plimpton Adams (1st ed.). 
London: Methuen. 

. 1992. Autobiographical Notes. A Centennial Edition. Edited by Paul A. Schilpp. 

La Salle, IL: Open Court. 

. 1950. Out of My Later Years. New York: Philosophical Library. 

. 1954. Ideas and Opinions. Based on Mein Weltbild, edited by Carl Seelig, and 

other sources. New translations and revisions by Sonja Bargmann. New York: 

Crown. 

Einstein, Albert, and Leopold Infeld. 1938. The Evolution of Physics: The Growth of 
Ideas from Early Concepts to Relativity and Quanta. New York: Simon & Schuster. 
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FURTHER READING 


A comprehensive collective work on the history of general relativity is: 

Renn, Jurgen (ed.). 2007. The Genesis of General Relativity, 4 vols. Dordrecht: Springer. 
Vol. 1: Jurgen Renn, Michel Janssen, John Norton, Tilman Sauer, and John Stachel. 

Einstein’s Zurich Notebook: Introduction and Source. 

Vol. 2: Jurgen Renn, Michel Janssen, John Norton, Tilman Sauer and John Stachel. 

Einstein’s Zurich Notebook: Commentary and Essays. 

Vol. 3: Jurgen Renn and Matthias Schemmel (eds.). Gravitation in the Twilight of Classi- 
cal Physics. Between Mechanics, Field Theory, and Astronomy. 

Vol. 4: Jurgen Renn and Matthias Schemmel (eds.). Gravitation in the Twilight of Classi- 
cal Physics. The Promise of Mathematics. 


An accessible, comprehensive, and up-to-date account of Einsteins scientific work is: 

Lehner, Christoph, and Michel Janssen (eds.). 2014. The Cambridge Companion to 
Einstein. Cambridge: Cambridge University Press. 


Important contributions on the history of general relativity have been published in the 
numerous volumes of the following series: 

Howard, Don, and John Stachel (series eds.). 1989-. Einstein Studies. Boston: Birkhauser/ 
Springer. 


A classic compilation of original studies on Einsteins life and science is: 

Stachel, John. 2002. Einstein from ‘ B ’ to ‘ Z .’ Vol. 9 of Einstein Studies. Boston: Birkhauser. 


There are many biographies on Einstein. Here, we have selected four that give promi- 
nence to the story told in this book: 

Folsing, Albrecht. 1997. Albert Einstein: A Biography. New York: Viking. 

Isaacson, Walter. 2007. Einstein: His Life and Universe. New York: Simon & Schuster. 
Neffe, Jurgen. 2007. Einstein. A Biography. New York: Farrar, Straus and Giroux. 

Pais, Abraham. 1982. ‘Subtle is the Lord . . .’: The Science and the Life of Albert Einstein. 
Oxford: Oxford University Press. 


Important aspects of our story have become the subject of book-length studies that are 
particularly accessible to a general audience. The following are a few of them: 

Eisenstaedt, Jean. 2006. Curious History of Relativity: How Einstein’s Theory of Gravity 
was Lost and Found Again. Princeton, NJ: Princeton University Press. 
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Norton. 
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The catalogues accompanying the Berlin exhibition “Albert Einstein Chief Engineer of 
the Universe” offer a comprehensive and opulently illustrated documentation of his life 
and work: 

Renn, Jurgen. 2005. Albert Einstein Chief Engineer of the Universe: Einstein’s Life and 
Work in Context. Berlin: Wiley-VCH. 

. Albert Einstein Chief Engineer of the Universe: 100 Authors for Einstein. Berlin: 
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In addition, the following are several compilations of studies showing how broadly Ein- 
stein’s work shaped modern science and culture: 

Galison, Peter, Gerald James Holton, and Silvan S. Schweber (eds.). 2008. Einstein for 
the 21st Century: His Legacy in Science, Art, and Modern Culture. Princeton, NJ: 
Princeton University Press. 
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THE FOUNDATION 
OF THE GENERAL 
THEORY OF RELATIVITY 

By A. Einstein 


The theory which is presented in the following pages conceivably constitutes the far- 
thest-reaching generalization of a theory which, today, is generally called the “theory of 
relativity”; I will call the latter one — in order to distinguish it from the first named — the 
“special theory of relativity,” which I assume to be known. The generalization of the the- 
ory of relativity has been facilitated considerably by Minkowski, a mathematician who 
was the first one to recognize the formal equivalence of space coordinates and the time 
coordinate, and utilized this in the construction of the theory The mathematical tools 
that are necessary for general relativity were readily available in the “absolute differen- 
tial calculus,” which is based upon the research on non-Euclidean manifolds by Gauss, 
Riemann, and Christoffel, and which has been systematized by Ricci and Levi-Civita and 
has already been applied to problems of theoretical physics. In section B of the present 
paper I developed all the necessary mathematical tools — which cannot be assumed to 
be known to every physicist — and I tried to do it in as simple and transparent a manner 
as possible, so that a special study of the mathematical literature is not required for the 
understanding of the present paper. Finally, I want to acknowledge gratefully my friend, 
the mathematician Grossmann, whose help not only saved me the effort of studying the 
pertinent mathematical literature, but who also helped me in my search for the field equa- 
tions of gravitation. 


The following two translations are reproduced from the English edition of the Collected Papers of Albert 
Einstein (Doc. 30 and Doc. 41, vol. 6). The first paragraph of the first document and the entire second 
document have been translated by Alfred Engel; the remaining text of the first document is reprinted from 
H. A. Lorentz et al., The Principle of Relativity, trans. W. Perrett and G. B. Jeffery (Methuen, 1923; Dover 
rpt., 1952). 
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A. FUNDAMENTAL CONSIDERATIONS ON THE POSTULATE OF RELATIVITY 
§ I. Observations on the Special Theory of Relativity 

The special theory of relativity is based on the following postulate, which is 
also satisfied by the mechanics of Galileo and Newton. 

If a system of co-ordinates K is chosen so that, in relation to it, physical laws hold good 
in their simplest form, the same laws also hold good in relation to any other system of 
co-ordinates K' moving in uniform translation relatively to K. This postulate we call the 
“special principle of relativity.” The word “special” is meant to intimate that the principle 
is restricted to the case when K' has a motion of uniform translation relatively to K, but 
that the equivalence of K' and K does not extend to the case of non-uniform motion of K' 
relatively to K. 

Thus the special theory of relativity does not depart from classical mechanics through 
the postulate of relativity, but through the postulate of the constancy of the velocity of 
light in vacuo, from which, in combination with the special principle of relativity, there 
follow, in the well-known way, the relativity of simultaneity, the Lorentzian transforma- 
tion, and the related laws for the behavior of moving bodies and clocks. 

The modification to which the special theory of relativity has subjected the theory 
of space and time is indeed far-reaching, but one important point has remained unaf- 
fected. For the laws of geometry, even according to the special theory of relativity, are to 
be interpreted directly as laws relating to the possible relative positions of solid bodies at 
rest; and, in a more general way, the laws of kinematics are to be interpreted as laws which 
describe the relations of measuring bodies and clocks. To two selected material points 
of a stationary rigid body there always corresponds a distance of quite definite length, 
which is independent of the locality and orientation of the body, and is also independent 
of the time. To two selected positions of the hands of a clock at rest relatively to the privi- 
leged system of reference there always corresponds an interval of time of a definite length, 
which is independent of place and time. We shall soon see that the general theory of rela- 
tivity cannot adhere to this simple physical interpretation of space and time. 

§ 2. The Need for an Extension of the Postulate of Relativity 

In classical mechanics, and no less in the special theory of relativity, there is an inherent 
epistemological defect which was, perhaps for the first time, clearly pointed out by Ernst 
Mach. We will elucidate it by the following example: — Two fluid bodies of the same size 
and nature hover freely in space at so great a distance from each other and from all other 
masses that only those gravitational forces need be taken into account which arise from 
the interaction of different parts of the same body. Let the distance between the two bod- 
ies be invariable, and in neither of the bodies let there be any relative movements of the 
parts with respect to one another. But let either mass, as judged by an observer at rest rel- 
atively to the other mass, rotate with constant angular velocity about the line joining the 
masses. This is a verifiable relative motion of the two bodies. Now let us imagine that each 
of the bodies has been surveyed by means of measuring instruments at rest relatively to 
itself, and let the surface of S, prove to be a sphere, and that of S 2 an ellipsoid of revolution. 
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Thereupon we put the question — What is the reason for this difference in the two bodies? 
No answer can be admitted as epistemologically satisfactory , 1 unless the reason given is 
an observable fact of experience. The law of causality has not the significance of a state- 
ment as to the world of experience, except when observable facts ultimately appear as 
causes and effects. 

Newtonian mechanics does not give a satisfactory answer to this question. It pro- 
nounces as follows: — The laws of mechanics apply to the space R,, in respect to which 
the body Sj is at rest, but not to the space R„ in respect to which the body S 2 is at rest. But 
the privileged space R, of Galileo, thus introduced, is a merely factitious cause, and not a 
thing that can be observed. It is therefore clear that Newtons mechanics does not really 
satisfy the requirement of causality in the case under consideration, but only apparently 
does so, since it makes the factitious cause R, responsible for the observable difference in 
the bodies Sj and S 2 . 

The only satisfactory answer must be that the physical system consisting of Sj and S 2 
reveals within itself no imaginable cause to which the differing behavior of S, and S 2 can 
be referred. The cause must therefore lie outside this system. We have to take it that the 
general laws of motion, which in particular determine the shapes of Sj and S 2 , must be 
such that the mechanical behavior of S, and S 2 is partly conditioned, in quite essential 
respects, by distant masses which we have not included in the system under consider- 
ation. These distant masses and their motions relative to Sj and S 2 must then be regarded 
as the seat of the causes (which must be susceptible to observation) of the different behav- 
ior of our two bodies Sj and S 2 . They take over the role of the factitious cause R r Of all 
imaginable spaces R p R 2 , etc., in any kind of motion relatively to one another, there is 
none which we may look upon as privileged a priori without reviving the above-men- 
tioned epistemological objection. The laws of physics must be of such a nature that they 
apply to systems of reference in any kind of motion. Along this road we arrive at an exten- 
sion of the postulate of relativity. 

In addition to this weighty argument from the theory of knowledge, there is a well- 
known physical fact which favors an extension of the theory of relativity. Tet K be a Gali- 
lean system of reference, i.e. a system relatively to which (at least in the four- dimensional 
region under consideration) a mass, sufficiently distant from other masses, is moving 
with uniform motion in a straight line. Tet K' be a second system of reference which is 
moving relatively to K in uniformly accelerated translation. Then, relatively to K', a mass 
sufficiently distant from other masses would have an accelerated motion such that its 
acceleration and direction of acceleration are independent of the material composition 
and physical state of the mass. 

Does this permit an observer at rest relatively to K' to infer that he is on a “really” 
accelerated system of reference? The answer is in the negative; for the above-mentioned 
relation of freely movable masses to K' may be interpreted equally well in the following 
way. The system of reference K' is unaccelerated, but the space-time territory in question 


1 Of course an answer may be satisfactory from the point of view of epistemology, and yet be unsound 
physically, if it is in conflict with other experiences. 
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is under the sway of a gravitational field, which generates the accelerated motion of the 
bodies relatively to K'. 

This view is made possible for us by the teaching of experience as to the existence of a 
field of force, namely, the gravitational field, which possesses the remarkable property of 
imparting the same acceleration to all bodies. 2 The mechanical behavior of bodies rela- 
tively to K' is the same as presents itself to experience in the case of systems which we are 
wont to regard as “stationary” or as “privileged.” Therefore, from the physical standpoint, 
the assumption readily suggests itself that the systems K and K' may both with equal right 
be looked upon as “stationary,” that is to say, they have an equal title as systems of refer- 
ence for the physical description of phenomena. 

It will be seen from these reflections that in pursuing the general theory of relativity we 
shall be led to a theory of gravitation, since we are able to “produce” a gravitational field 
merely by changing the system of co-ordinates. It will also be obvious that the principle 
of the constancy of the velocity of light in vacuo must be modified, since we easily recog- 
nize that the path of a ray of light with respect to K' must in general be curvilinear, if with 
respect to K light is propagated in a straight line with a definite constant velocity. 

§ 3. The Space-Time Continuum. Requirement of General Co-Variance 
for the Equations Expressing General Laws of Nature 

In classical mechanics, as well as in the special theory of relativity, the co-ordinates of 
space and time have a direct physical meaning. To say that a point-event has the X, coor- 
dinate x 1 means that the projection of the point-event on the axis of X p determined by 
rigid rods and in accordance with the. rules of Euclidean geometry, is obtained by mea- 
suring off a given rod (the unit of length) x, times from the origin of coordinates along the 
axis of Xj To say that a point-event has the X 4 co-ordinate x 4 = t, means that a standard 
clock, made to measure time in a definite unit period, and which is stationary relatively to 
the system of co-ordinates and practically coincident in space with the point-event, 3 will 
have measured off x 4 = t periods at the occurrence of the event. 

This view of space and time has always been in the minds of physicists, even if, as a 
rule, they have been unconscious of it. This is clear from the part which these concepts 
play in physical measurements; it must also have underlain the reader’s reflections on 
the preceding paragraph (§ 2) for him to connect any meaning with what he there read. 
But we shall now show that we must put it aside and replace it by a more general view, in 
order to be able to carry through the postulate of general relativity, if the special theory of 
relativity applies to the special case of the absence of a gravitational field. 

In a space which is free of gravitational fields we introduce a Galilean system of ref- 
erence K (x, y, z, t ), and also a system of co-ordinates K' (x 1 , /, z', t ') in uniform rotation 
relatively to K. Let the origins of both systems, as well as their axes of Z, permanently 


2 Eotvos has proved experimentally that the gravitational field has this property in great accuracy. 

3 We assume the possibility of verifying “simultaneity” for events immediately proximate in space, or — to 
speak more precisely — for immediate proximity or coincidence in space-time, without giving a definition of 
this fundamental concept. 
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coincide. We shall show that for a space-time measurement in the system K' the above 
definition of the physical meaning of lengths and times cannot be maintained. For rea- 
sons of symmetry it is clear that a circle around the origin in the X, Y plane of K may 
at the same time be regarded as a circle in the X', Y' plane of K'. We suppose that the 
circumference and diameter of this circle have been measured with a unit measure 
infinitely small compared with the radius, and that we have the quotient of the two 
results. If this experiment were performed with a measuring-rod at rest relatively to the 
Galilean system K, the quotient would be ji. With a measuring-rod at rest relatively to K', 
the quotient would be greater than n. This is readily understood if we envisage the whole 
process of measuring from the “stationary” system K, and take into consideration that 
the measuring-rod applied to the periphery undergoes a Lorentzian contraction, while 
the one applied along the radius does not. Hence Euclidean geometry does not apply to 
K'. The notion of co-ordinates defined above, which presupposes the validity of Euclid- 
ean geometry, therefore breaks down in relation to the system K'. So, too, we are unable 
to introduce a time corresponding to physical requirements in K', indicated by clocks at 
rest relatively to K'. To convince ourselves of this impossibility, let us imagine two clocks 
of identical constitution placed, one at the origin of co-ordinates, and the other at the 
circumference of the circle, and both envisaged from the “stationary” system K. By a 
familiar result of the special theory of relativity, the clock at the circumference — judged 
from K — goes more slowly than the other, because the former is in motion and the lat- 
ter at rest. An observer at the common origin of co-ordinates, capable of observing the 
clock at the circumference by means of light, would therefore see it lagging behind the 
clock beside him. As he will not make up his mind to let the velocity of light along 
the path in question depend explicitly on the time, he will interpret his observations 
as showing that the clock at the circumference “really” goes more slowly than the clock 
at the origin. So he will be obliged to define time in such a way that the rate of a clock 
depends upon where the clock maybe. 

We therefore reach this result: — In the general theory of relativity, space and time cannot 
be defined in such a way that differences of the spatial co-ordinates can be directly mea- 
sured by the unit measuring-rod, or differences in the time co-ordinate by a standard clock. 

The method hitherto employed for laying co-ordinates into the space-time contin- 
uum in a definite manner thus breaks down, and there seems to be no other way which 
would allow us to adapt systems of co-ordinates to the four-dimensional universe so that 
we might expect from their application a particularly simple formulation of the laws of 
nature. So there is nothing for it but to regard all imaginable systems of co-ordinates, on 
principle, as equally suitable for the description of nature. This comes to requiring that: — 

The general laws of nature are to be expressed by equations which hold good for all sys- 
tems of co-ordinates, that is, are co-variant with respect to any substitutions whatever (gen- 
erally co-variant). 

It is clear that a physical theory which satisfies this postulate will also be suitable for 
the general postulate of relativity. For the sum of all substitutions in any case includes 
those which correspond to all relative motions of three-dimensional systems of co-or- 
dinates. That this requirement of general co-variance, which takes away from space and 
time the last remnant of physical objectivity, is a natural one, will be seen from the follow- 
ing reflection. All our space-time verifications invariably amount to a determination of 
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space-time coincidences. If, for example, events consisted merely in the motion of mate- 
rial points, then ultimately nothing would be observable but the meetings of two or more 
of these points. Moreover, the results of our measurings are nothing but verifications 
of such meetings of the material points of our measuring instruments with other mate- 
rial points, coincidences between the hands of a clock and points on the clock dial, and 
observed point-events happening at the same place at the same time. 

The introduction of a system of reference serves no other purpose than to facilitate the 
description of the totality of such coincidences. We allot to the universe four space-time 
variables x v x 2 , x v x 4 in such a way that for every point-event there is a corresponding sys- 
tem of values of the variables x 1 ... x 4 . To two coincident point-events there corresponds 
one system of values of the variables x l ... x 4 , i.e. coincidence is characterized by the iden- 
tity of the co-ordinates. If, in place of the variables x 1 ...x 4 , we introduce functions of 
them, x\, x' 2 , x' v x' 4 , as a new system of co-ordinates, so that the systems of values are 
made to correspond to one another without ambiguity, the equality of all four co-ordi- 
nates in the new system will also serve as an expression for the space-time coincidence 
of the two point-events. As all our physical experience can be ultimately reduced to such 
coincidences, there is no immediate reason for preferring certain systems of co-ordinates 
to others, that is to say, we arrive at the requirement of general co-variance. 

§ 4. The Relation of the Four Co-ordinates to Measurement in Space and Time 

It is not my purpose in this discussion to represent the general theory of relativity as a 
system that is as simple and logical as possible, and with the minimum number of axioms; 
but my main object is to develop this theory in such a way that the reader will feel that 
the path we have entered upon is psychologically the natural one, and that the underlying 
assumptions will seem to have the highest possible degree of security. With this aim in 
view let it now be granted that:— 

For infinitely small four- dimensional regions the theory of relativity in the restricted 
sense is appropriate, if the coordinates are suitably chosen. 

For this purpose we must choose the acceleration of the infinitely small (“local”) sys- 
tem of co-ordinates so that no gravitational field occurs; this is possible for an infinitely 
small region. Let X p X 2 , X 3 , be the co-ordinates of space, and X 4 the appertaining co- 
ordinate of time measured in the appropriate unit. 4 If a rigid rod is imagined to be given 
as the unit measure, the co-ordinates, with a given orientation of the system of co-ordi- 
nates, have a direct physical meaning in the sense of the special theory of relativity. By the 
special theory of relativity the expression 

ds 2 = -dX\ - dX\ - dX\ + dX\ (1) 

then has a value which is independent of the orientation of the local system of co-ordi- 
nates, and is ascertainable by measurements of space and time. The magnitude of the 


4 The unit of time is to be chosen so that the velocity of light in vacuo as measured in the “local” system of 
co-ordinates is to be equal to unity. 
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linear element pertaining to points of the four- dimensional continuum in infinite prox- 
imity, we call ds. If the ds belonging to the element dX l . . . dX 4 is positive, we follow Min- 
kowski in calling it time-like; if it is negative, we call it space-like. 

To the “linear element” in question, or to the two infinitely .proximate point-events, 
there will also correspond definite differentials dx 1 . . . dx 4 of the four- dimensional co-or- 
dinates of any chosen system of reference. If this system, as well as the “local” system, is 
given for the region under consideration, the dX v will allow themselves to be represented 
here by definite linear homogeneous expressions of the dx a : — 

dX v = £ a vc dx c (2) 

a 

Inserting these expressions in (1), we obtain 

ds 2 = Z g ar dx a dx x (3) 

TO 

where the g aT will be functions of the x a . These can no longer be dependent on the orien- 
tation and the state of motion of the “local” system of co-ordinates, for ds 2 is a quantity 
ascertainable by rod-clock measurement of point-events infinitely proximate in space- 
time, and defined independently of any particular choice of co-ordinates. The^ OT are to 
be chosen here so that g ax = g xa ; the summation is to extend over all values of a and x, so 
that the sum consists of 4 x 4 terms, of which twelve are equal in pairs. 

The case of the ordinary theory of relativity arises out of the case here considered, if it is 
possible, by reason of the particular relations of theg OT in a finite region, to choose the sys- 
tem of reference in the finite region in such a way that the g ax assume the constant values 

- 1 0 0 O' 

0-100 

(4) 

00-10 y 2 
0 0 0 +1 

We shall find hereafter that the choice of such co-ordinates is, in general, not possible for 
a finite region. 

From the considerations of § 2 and § 3 it follows that the quantities g m are to be 
regarded from the physical standpoint as the quantities which describe the gravitational 
field in relation to the chosen system of reference. For, if we now assume the special the- 
ory of relativity to apply to a certain four- dimensional region with the co-ordinates prop- 
erly chosen, then theg OT have the values given in (4). A free material point then moves, 
relatively to this system, with uniform motion in a straight line. Then if we introduce new 
space-time co-ordinates x v x 2 , x 3> x 4 , by means of any substitution we choose, the g ax in 
this new system will no longer be constants, but functions of space and time. At the same 
time the motion of the free material point will present itself in the new co-ordinates as a 
curvilinear non-uniform motion, and the law of this motion will be independent of the 
nature of the moving particle. We shall therefore interpret this motion as a motion under 
the influence of a gravitational field. We thus find the occurrence of a gravitational field 
connected with a space-time variability of theg G . So, too, in the general case, when we are 
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no longer able by a suitable choice of co-ordinates to apply the special theory of relativity 
to a finite region, we shall hold fast to the view that the g ax describe the gravitational field. 

Thus, according to the general theory of relativity, gravitation occupies an exceptional 
position with regard to other forces, particularly the electromagnetic forces, since the ten 
functions representing the gravitational field at the same time define the metrical proper- 
ties of the space measured. 


Having seen in the foregoing that the general postulate of relativity leads to the require- 
ment that the equations of physics shall be covariant in the face of any substitution of the 
co-ordinates x 4 . . . x 4 , we have to consider how such generally covariant equations can be 
found. We now turn to this purely mathematical task, and we shall find that in its solution 
a fundamental role is played by the invariant ds given in equation (3), which, borrowing 
from Gauss’s theory of surfaces, we have called the “linear element.” 

The fundamental idea of this general theory of covariants is the following: — Let cer- 
tain things (“tensors”) be defined with respect to any system of co-ordinates by a number 
of functions of the co-ordinates, called the “components” of the tensor. There are then 
certain rules by which these components can be calculated for a new system of co-ordi- 
nates, if they are known for the original system of co-ordinates, and if the transforma- 
tion connecting the two systems is known. The things hereafter called tensors are further 
characterized by the fact that the equations of transformation for their components are 
linear and homogeneous. Accordingly, all the components in the new system vanish, if 
they all vanish in the original system. If, therefore, a law of nature is expressed by equating 
all the components of a tensor to zero, it is generally covariant. By examining the laws of 
the formation of tensors, we acquire the means of formulating generally covariant laws. 

§ 5. Contravariant and Covariant Four-vectors 

Contravariant Four-vectors. — The linear element is defined by the four “components” dx v , 
for which the law of transformation is expressed by the equation 


The dx' n are expressed as linear and homogeneous functions of the dx v . Hence we may 
look upon these co-ordinate differentials as the components of a “tensor” of the particular 
kind which we call a contravariant four- vector. Any thing which is defined relatively to the 
system of co-ordinates by four quantities A v , and which is transformed by the same law 


B. MATHEMATICAL AIDS TO THE FORMULATION 
OF GENERALLY COVARIANT EQUATIONS 



( 5 ) 



(5a) 


we also call a contravariant four- vector. From (5a) it follows at once that the sums A° ± B CT are 
also components of a four-vector, if A° and B a are such. Corresponding relations hold for all 
“tensors” subsequently to be introduced. (Rule for the addition and subtraction of tensors.) 


ENGLISH TRANSLATION OF EINSTEIN'S PAPER 


191 


Covariant Four-vectors. — We call four quantities A v the components of a covariant 
four-vector, if for any arbitrary choice of the contravariant four-vector B v 

£A v B v = Invariant (6) 

V 

The law of transformation of a covariant four-vector follows from this definition. For if 
we replace B l on the right-hand side of the equation 

ZA' a B'° = £ A V B V 

a v 

by the expression resulting from the inversion of (5a), 


G 


we obtain 


G V 


£b'X- 


Since this equation is true for arbitrary values of the B'°, it follows that the law of trans- 
formation is 


3x 


( 7 ) 


Note on a Simplified Way of Writing the Expressions. — A glance at the equations of 
this paragraph shows that there is always a summation with respect to the indices which 
occur twice under a sign of summation (e.g. the index v in (5)), and only with respect to 
indices which occur twice. It is therefore possible, without loss of clearness, to omit the 
sign of summation. In its place we introduce the convention: — If an index occurs twice 
in one term of an expression, it is always to be summed unless the contrary is expressly 
stated. 

The difference between covariant and contravariant four-vectors lies in the law of 
transformation ((7) or (5) respectively). Both forms are tensors in the sense of the gen- 
eral remark above. Therein lies their importance. Following Ricci and Tevi-Civita, we 
denote the contravariant character by placing the index above, the covariant by placing 
it below. 


§ 6. Tensors of the Second and Higher Ranks 

Contravariant Tensors. — If we form all the sixteen products A^ v of the components A 11 
and B v of two contravariant four-vectors 

A^ = A r B v (8) 


then by (8) and (5a) A^ satisfies the law of transformation 
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^'CJT _ __ Q 

dx„ 9x„ 


( 9 ) 


We call a thing which is described relatively to any system of reference by sixteen 
quantities, satisfying the law of transformation (9), a contravariant tensor of the second 
rank. Not every such tensor allows itself to be formed in accordance with (8) from two 
four-vectors, but it is easily shown that any given sixteen A MV can be represented as the 
sums of the A liV of four appropriately selected pairs of four-vectors. Hence we can prove 
nearly all the laws which apply to the tensor of the second rank defined by (9) in the sim- 
plest manner by demonstrating them for the special tensors of the type (8). 

Contravariant Tensors of Any Rank. — It is clear that, on the lines of (8) and (9), con- 
travariant tensors of the third and higher ranks may also be defined with 4 3 components, 
and so on. In the same way it follows from (8) and (9) that the contravariant four-vector 
maybe taken in this sense as a contravariant tensor of the first rank. 

Covariant Tensors. — On the other hand, if we take the sixteen products A^ v of two 
covariant four-vectors A u and B v 


V = a,b v , 


the law of transformation for these is 


A' 

dx' 9x1 ^ 


( 10 ) 


(ID 


This law of transformation defines the covariant tensor of the second rank. All our 
previous remarks on contravariant tensors apply equally to covariant tensors. 

Note. — It is convenient to treat the scalar (or invariant) both as a contravariant and a 
covariant tensor of zero rank. 

Mixed Tensors. — We may also define a tensor of the second rank of the type 

a; = A^B v (12) 

which is covariant with respect to the index p, and contravariant with respect to the index 
v. Its law of transformation is 


A 


'T 

a 


9 < 9 ^ 
9x v 9*; 


V 


(13) 


Naturally there are mixed tensors with any number of indices of covariant character, 
and any number of indices of contravariant character. Covariant and contravariant ten- 
sors maybe looked upon as special cases of mixed tensors. 

Symmetrical Tensors. — A contravariant, or a covariant tensor, of the second or higher 
rank is said to be symmetrical if two components, which are obtained the one from the 
other by the interchange of two indices, are equal. The tensor A MV , or the tensor A^, is 
thus symmetrical if for any combination of the indices p, v 
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A ^ v = a v ^, 


(14) 


or respectively, 



(14a) 


It has to be proved that the symmetry thus defined is a property which is independent 
of the system of reference. It follows in fact from (9), when (14) is taken into consider- 
ation, that 


The last equation but one depends upon the interchange of the summation indices p and 
v, i.e. merely on a change of notation. 

Antisymmetrical Tensors . — A contravariant or a covariant tensor of the second, third, 
or fourth rank is said to be anti-symmetrical if two components, which are obtained the 
one from the other by the interchange of two indices, are equal and of opposite sign The 
tensor A^ v , or the tensor A [IV , is therefore antisymmetrical, if always 


Of the sixteen components A 111 ’, the four components A 11 * 1 vanish; the rest are equal 
and of opposite sign in pairs, so that there are only six components numerically different 
(a six- vector). Similarly we see that the antisymmetrical tensor of the third rank A liVO has 
only four numerically different components, while the antisymmetrical tensor A tiVOT has 
only one. There are no antisymmetrical tensors of higher rank than the fourth in a con- 
tinuum of four dimensions. 

§ 7. Multiplication of Tensors 

Outer Multiplication of Tensors . — We obtain from the components of a tensor of rank n 
and of a tensor of rank m the components of a tensor of rank n + m by multiplying each 
component of the one tensor by each component of the other. Thus, for example, the ten- 
sors T arise out of the tensors A and B of different kinds, 



9*^ dx v dx^ dx v dx v 9*^ 


= — A v|i , 


(15) 


or respectively, 



(15a) 



T az = A R 

(J.V ^(IV-^GV 
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The proof of the tensor character ofT is given directly by the representations (8), (10), 
(12), or by the laws of transformation (9), (11), (13). The equations (8), (10), (12) are 
themselves examples of outer multiplication of tensors of the first rank. 

“ Contraction ” of a Mixed Tensor. — From any mixed tensor we may form a tensor whose 
rank is less by two, by equating an index of covariant with one of contravariant charac- 
ter, and summing with respect to this index (“contraction”). Thus, for example, from the 
mixed tensor of the fourth rank we obtain the mixed tensor of the second rank. 


A V T = A^(= E<), 

and from this, by a second contraction, the tensor of zero rank, 

A = A^ = 


The proof that the result of contraction really possesses the tensor character is given 
either by the representation of a tensor according to the generalization of (12) in combi- 
nation with (6), or by the generalization of (13). 

Inner and Mixed Multiplication of Tensors . — These consist in a combination of outer 
multiplication with contraction. 

Examples . — From the covariant tensor of the second rank A* 11 ' and the contravariant 
tensor of the first rank B° we form by outer multiplication the mixed tensor 

D° v = A^ V B°. 

On contraction with respect to the indices v and a, we obtain the covariant four-vector 

D, = D v , v = A (JV B v . 

This we call the inner product of the tensors A^ and B°. Analogously we form from the 
tensors A^ and B ox , by outer multiplication and double contraction, the inner product 
A (1V B ,1V . By outer multiplication and one contraction, we obtain from A^ v and B ox the 
mixed tensor of the second rank D x = A^ V B' x . This operation may be aptly characterized 
as a mixed one, being “outer” with respect to the indices p and x, and “inner” with respect 
to the indices v and a. 

We now prove a proposition which is often useful as evidence of tensor character. 
From what has just been explained, A (1V B |1V is a scalar if A MV and B ox are tensors. But we 
may also make the following assertion: If A^ iV B tlv is a scalar for any choice of the tensor B^ v , 
then A^y has tensor character. For, by hypothesis, for any substitution, 

a; t b' ox = a^ v . 


vr = 


^ x \i dx v aT 

9*o 9< 


But by an inversion of (9) 
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This, inserted in the above equation, gives 



a*; a*; 


(IV 


B' ot 


= 0 . 


This can only be satisfied for arbitrary values of B' ax if the bracket vanishes. The result 
then follows by equation (11). This rule applies correspondingly to tensors of any rank 
and character, and the proof is analogous in all cases. 

The rule may also be demonstrated in this form: If B M and C v are any vectors, and if, 
for all values of these, the inner product A uv B M C l is a scalar, then A^ v is a covariant tensor. 
This latter proposition also holds good even if only the more special assertion is correct, 
that with any choice of the four-vector BA the inner product A [iv B ti B v is a scalar, if in 
addition it is known that A^ v satisfies the condition of symmetry A^ v = A v|r For by the 
method given above we prove the tensor character of ( A^ v + A V(1 ), and from this the ten- 
sor character of A pi , follows on account of symmetry. This also can be easily generalized 
to the case of covariant and contravariant tensors of any rank. 

Finally, there follows from what has been proved, this law, which may also be gener- 
alized for any tensors: If for any choice of the four-vector B' the quantities A UI ,B' form a 
tensor of the first rank, then A MV is a tensor of the second rank. For, if C M is any four- vector, 
then on account of the tensor character of A UV B V , the inner product A (JV B V C >I is a scalar for 
any choice of the two four-vectors B v and CA From which the proposition follows. 

§ 8. Some Aspects of the Fundamental Tensor 

The Covariant Fundamental Tensor . — In the invariant expression for the square of the 
linear element, 


ds g^ydX^dXy, 

the part played by the dx^ is that of a contravariant vector which may be chosen at will. 
Since further, g^ v = g , it follows from the considerations of the preceding paragraph that 
g^ v is a covariant tensor of the second rank. We call it the “fundamental tensor.” In what 
follows we deduce some properties of this tensor which, it is true, apply to any tensor of 
the second rank. But as the fundamental tensor plays a special part in our theory, which 
has its physical basis in the peculiar effects of gravitation, it so happens that the relations 
to be developed are of importance to us only in the case of the fundamental tensor. 

The Contravariant Fundamental Tensor . — If in the determinant formed by the ele- 
ments g^y, we take the co-factor of each of the g and divide it by the determinant g = | 
g^y |, we obtain certain quantities g >lv ( = g vl1 ) which, as we shall demonstrate, form a con- 
travariant tensor. 

By a known property of determinants 




(16) 


where the symbol 8 X denotes 1 or 0, according as p = v or p ^ v. 
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Instead of the above expression for ds 2 we may thus write 

g v .aKdx il dx v 

or, by (16) 

g^agvxg^ dx v. dx v 

But, by the multiplication rules of the preceding paragraphs, the quantities 

d ^a = g\ia dx \i 

form a covariant four- vector, and in fact an arbitrary vector, since the dx v are arbitrary. By 
introducing this into our expression we obtain 

ds 2 = g ax d^ x . 

Since this, with the arbitrary choice of the vector d^ a , is a scalar, andg OT by its definition is 
symmetrical in the indices a and x, it follows from the results of the preceding paragraph 
thatg OT is a contravariant tensor. 

It further follows from (16) that 5^ is also a tensor, which we may call the mixed fun- 
damental tensor. 

The Determinant of the Fundamental Tensor. — By the rule for the multiplication of 
determinants 


i^“ v i=i^jxir 


On the other hand 

i^n=is;i=i. 

It therefore follows that 


Mx|/ V |=l (17) 

The Volume Scalar. — We seek first the law of transformation of the determinant 
g= |g v |. In accordance with (11) 


g = 


dx y. dx 
dx a dx'^ ' 


Hence, by a double application of the rule for the multiplication of determinants, it fol- 
lows that 


3x„ 


dx' 


dx v 

dx' 


S|!V I 


9x„ 


dx' 


g’ 


2 
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or 


V? = 


dx^ 

dx' 


fg- 


On the other hand, the law of transformation of the element of volume 

d% = / dx 1 dx 2 dx 3 dx 4 

is, in accordance with the theorem of Jacobi, 


dx' = 


d X]1 


dx. 


By multiplication of the last two equations, we obtain 

Jg' dx' = Jgd% (18). 

Instead of Jg, we introduce in what follows the quantity J—g, which is always real on 
account of the hyperbolic character of the space-time continuum. The invariant J—gdx is 
equal to the magnitude of the four- dimensional element of volume in the “local” system 
of reference, as measured with rigid rods and clocks in the sense of the special theory of 
relativity. 

Note on the Character of the Space-time Continuum . — Our assumption that the special 
theory of relativity can always be applied to an infinitely small region, implies that ds 2 can 
always be expressed in accordance with (1) by means of real quantities dX 1 . . . dX 4 . If we 
denote by dr 0 the “natural” element of volume dX p dX„ dX 3 , dX 4 , then 

dx 0 = J—gdx (18a) 

If f—g were to vanish at a point of the four- dimensional continuum, it would mean that at 
this point an infinitely small “natural” volume would correspond to a finite volume in the 
co-ordinates. Let us assume that this is never the case. Then g cannot change sign. We will 
assume that, in the sense of the special theory of relativity, g always has a finite negative 
value. This is a hypothesis as to the physical nature of the continuum under consider- 
ation, and at the same time a convention as to the choice of co-ordinates. 

But if -gis always finite and positive, it is natural to settle the choice of co-ordinates a 
posteriori in such a way that this quantity is always equal to unity. We shall see later that 
by such a restriction of the choice of co-ordinates it is possible to achieve an important 
simplification of the laws of nature. 

In place of (18), we then have simply dr' = dr, from which, in view of Jacobis theorem, 
it follows that 



(19) 


198 


ENGLISH TRANSLATION OF EINSTEIN'S PAPER 


Thus, with this choice of co-ordinates, only substitutions for which the determinant is 
unity are permissible. 

But it would be erroneous to believe that this step indicates a partial abandonment 
of the general postulate of relativity. We do not ask “What are the laws of nature which 
are co-variant in face of all substitutions for which the determinant is unity?” but our 
question is “What are the generally co-variant laws of nature?” It is not until we have 
formulated these that we simplify their expression by a particular choice of the system of 
reference. 

The Formation of New Tensors by Means of the Fundamental Tensor. — Inner, outer, 
and mixed multiplication of a tensor by the fundamental tensor give tensors of different 
character and rank. For example, 


A" = g u °A a , 

A = 

The following forms may be specially noted: — 

A ^=/y p A ap > 

A^iWTvpA^ 

(the “complements” of covariant and contravariant tensors respectively), and 

— §\1V& A ap . 

We call B^ the reduced tensor associated with A^. Similarly, 

B^ V =/ V Sa P A aP 

It may be noted that gf v is nothing more than the complement of g^, since 


§ 9. The Equation of the Geodetic Line. The Motion of a Particle 

As the linear element ds is defined independently of the system of co-ordinates, the line 
drawn between two points P and P' of the four- dimensional continuum in such a way that 
fds is stationary — a geodetic line — has a meaning which also is independent of the choice 
of co-ordinates. Its equation is 

5 f p P ds = 0 (20) 

Carrying out the variation in the usual way, we obtain from this equation four differential 
equations which define the geodetic line; this operation will be inserted here for the sake 
of completeness. Tet A, be a function of the co-ordinates x v , and let this define a family of 
surfaces which intersect the required geodetic line as well as all the lines in immediate 
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proximity to it which are drawn through the points P and P'. Any such line may then be 
supposed to be given by expressing its co-ordinates x v as functions of A,. Let the symbol S 
indicate the transition from a point of the required geodetic to the point corresponding to 
the same Iona neighboring line. Then for (20) we may substitute 


/ 2 5wdX = 0 

S 


w 


dx^ dx v 
dX dX 


(20a) 


But since 


and 


w 2 dx„ 


i „ !dx v 

dX dX ° dX \dX 




we obtain from (20a), after a partial integration, 


j\ a bx a dX = 0, 


where 


d\ 

\S rv dx »} 

1 9 S iv dxp dx v 

dX] 

[w dX J 

2w 3x a dX dX 


Since the values of Sx a are arbitrary, it follows from this that 

K = o 


(20b) 


(20c) 


are the equations of the geodetic line. 

If ds does not vanish along the geodetic line we may choose the “length of the arc” s, 
measured along the geodetic line, for the parameter X. Then w = 1, and in place of (20c) 
we obtain 


d 2 x 3g dx a dx l 3 g dx dx 


S|J.V 


ds 2 


■ + 


3x„ ds ds 2 3x„ ds ds 


or, by a mere change of notation, 


d 2 x, 


dx a dx„ 


^+[HV,a]^ = 0 


ds 


(20d) 
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where, following Christoffel, we have written 


[|XV, CJ] 


1 ( , dgyq _ dg(iv \ 

2 \ dx v 3x„ dx a ) 


( 21 ) 


Finally, if we multiply (20d) by g ax (outer multiplication with respect to t, inner with 
respect to a), we obtain the equations of the geodetic line in the form 


d 2 x ■ 


ds 2 ^ Ar ^ 


. dx v 
ds ds 


(22) 


where, following Christoffel, we have set 

{|iv,x} = g Ta [(iV,a] 


(23) 


§ 10. The Formation of Tensors by Differentiation 

With the help of the equation of the geodetic line we can now easily deduce the laws by 
which new tensors can be formed from old by differentiation. By this means we are able 
for the first time to formulate generally covariant differential equations. We reach this 
goal by repeated application of the following simple law: — 

If in our continuum a curve is given, the points of which are specified by the arcual 
distance s measured from a fixed point on the curve, and if, further, (p is an invariant func- 
tion of space, then d<\>/ds is also an invariant. The proof lies in this, that ds is an invariant 
as well as d§. 

As 

d<$> _ 3 c)) dx^ 
ds dx^ ds 

therefore 


3d) dx 
V “ dx^ ds 


is also an invariant, and an invariant for all curves starting from a point of the continuum, 
that is, for any choice of the vector dx^. Hence it immediately follows that 


A 


M- 


3<j) 


( 24 ) 


is a covariant four-vector — the “gradient” of <j>. 
According to our rule, the differential quotient 
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X 


d\\i 

ds 


taken on a curve, is similarly an invariant. Inserting the value of f, we obtain in the first place 

_ 9 2 (|) dx [1 dx v | 9(|) d 2 x fl 
^ dx [i dx v ds ds dx ds 2 


The existence of a tensor cannot be deduced from this forthwith. But if we may take the 
curve along which we have differentiated to be a geodetic, we obtain on substitution for 
d 2 x v /ds 2 from (22), 


* = (-?!+- 

(9x (1 9x v 




dx^ dx v 
ds ds ' 


Since we may interchange the order of the differentiations, and since by (23) and (21) {pv, 
t} is symmetrical in p and v, it follows that the expression in brackets is symmetrical in p 
and v. Since a geodetic line can be drawn in any direction from a point of the continuum, 
and therefore dx^/ds is a four- vector with the ratio of its components arbitrary, it follows 
from the results of § 7 that 


. _ 9 2 <|> , , 9<|> 

9x ll dx v ^ V,T} 9x t 




(25) 


is a covariant tensor of the second rank. We have therefore come to this result: from the 
covariant tensor of the first rank 


A 




9 ([> 

9x h 


we can, by differentiation, form a covariant tensor of the second rank 

9A U 


(26) 


We call the tensor A^ v the “extension” (covariant derivative) of the tensor A^. In the first 
place we can readily show that the operation leads to a tensor, even if the vector cannot 

be represented as a gradient. To see this, we first observe that 


9<t> 

dx 


is a covariant vector, if \| / and ([) are scalars. The sum of four such terms 


¥ 


u>^ 

dx . . 


+ . + . + 1|/ (4) 


9 (|) (4) 

d x fi ’ 
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is also a covariant vector, if y (1) , (j> (1) . . . \|/ 4) , cj> (4) are scalars. But it is clear that any covar- 
iant vector can be represented in the form S^. For, if A M is a vector whose components 
are any given functions of the x v , we have only to put (in terms of the selected system of 
co-ordinates) 


< 

II 

II 

^e- 

II 

> 

ll 

II 

> 

>< 

ii 

^e- 

(4) = A 4> 

<|> (4) = * 4 , 


in order to ensure that shall be equal to A^. 

Therefore, in order to demonstrate that A^ v is a tensor if any covariant vector is 
inserted on the right-hand side for A^, we only need show that this is so for the vector S^. 
But for this latter purpose it is sufficient, as a glance at the right-hand side of (26) teaches 
us, to furnish the proof for the case 


a 9< ^ 

A - = 


Now the right-hand side of (25) multiplied by \|/, 




9 2 (j> 

dx ]1 dx v 




is a tensor. Similarly 

9 \|/ 94 > 

3x v 

being the outer product of two vectors, is a tensor. By addition, there follows the tensor 
character of 


9 

dx v 



{|iV,T} 



As a glance at (26) will show, this completes the demonstration for the vector 


and consequently, from what has already been proved, for any vector A^. 

By means of the extension of the vector, we may easily define the “extension” of a 
covariant tensor of any rank. This operation is a generalization of the extension of a vec- 
tor. We restrict ourselves to the case of a tensor of the second rank, since this suffices to 
give a clear idea of the law of formation. 
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As has already been observed, any covariant tensor of the second rank can be repre- 
sented 5 as the sum of tensors of the type A^B,,. It will therefore be sufficient to deduce the 
expression for the extension of a tensor of this special type. By (26) the expressions 


9A, 

dx a 

9Bv 

dx a 


{g|u,t}A t , 

{ov,t}B t , 


are tensors. On outer multiplication of the first by B v and of the second by A u , we obtain 
in each case a tensor of the third rank. By adding these, we have the tensor of the third 
rank 


v° = -g^- - {a|a,T}A TV - {ov,t} A^ (27) 

where we have put A v = A 4 B V As the right-hand side of (27) is linear and homogeneous 
in the A^ v and their first derivatives, this law of formation leads to a tensor, not only in the 
case of a tensor of the type A LI B V but also in the case of a sum of such tensors, i.e. in the case 
of any covariant tensor of the second rank. We call A^ the extension of the tensor A^ v . 

It is clear that (26) and (24) concern only special cases of extension (the extension of 
the tensors of rank one and zero respectively). 

In general, all special laws of formation of tensors are included in (27) in combination 
with the multiplication of tensors. 

§ 11. Some Cases of Special Importance 

The Fundamental Tensor . — We will first prove some lemmas which will be useful here- 
after. By the rule for the differentiation of determinants 


dg = g^gdg^ = -g^gdg^ (28) 

The last member is obtained from the last but one, if we bear in mind that g^g 11 ' = 8^, so 
thatg (lv g JIV = 4, and consequently 

g^dg^ + g^dg^ = 0 . 


5 By outer multiplication of the vector with arbitrary components A 1P A 12> A 13 , A 14 by the vector with 
components 1, 0, 0, 0, we produce a tensor with components 


A„ 

A 12 A 13 

A ,4 

0 

0 0 

0 

0 

0 0 

0 

0 

0 0 

0 . 

By the addition of four tensors of this type, we 

obtain the 

tensor A pv with any assigned components. 
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From (28), it follows that 

1 d f~g _ i 91og(~l) i uv^v , 

J-g 3x a 2 9* c 2 * 9x c 2 *“ V 9V 

Further, from g ]la g va = 5|) it follows on differentiation that 

g»odg V °=-g Va d g]la 
&va dx x g dx x 


( 29 ) 


(30) 


From these, by mixed multiplication byg OT andg v ^ respectively, and a change of notation 
for the indices, we have 


dg» v =-gVdg a , 

^ _ _ net vp ^a|3 
3x 0 * g x a 


and 


dg ^ = -g^agvpdg^ 

9£jw = _ 9^ 

dx a g ^ a8v f‘ dx a 


(31) 


(32) 


The relation (31) admits of a transformation, of which we also have frequently to make 
use: From (21) 


= [ao,p] + [pa, a] 


(33) 


Inserting this in the second formula of (3 1 ), we obtain, in view of (23) 


a |l v 


Substituting the right-hand side of (34) in (29), we have 

1 9 f~g 


Fg dx ° 


{|ao,|4 


(34) 


(29a) 


The “Divergence” of a Contravariant Vector . — If we take the inner product of (26) by 
the contravariant fundamental tensor j^ v , the right-hand side, after a transformation of 
the first term, assumes the form 
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9 /_ uv* \ a 9/ V 


dx. 


<r\) - * 


' 3a. 


l xa 

lg 


9 £)ia , 9g vc 

dx„ dx„ 


9 g(iv 

9 X a l 


Vx- 


In accordance with (31) and (29), the last term of this expression may be written 


i^A + i^ A 


d f~g 


Fg 


g^X- 


As the symbols of the indices of summation are immaterial, the first two terms of this 
expression cancel the second of the one above. If we then write g^ v A ^ = A v , so that A v like 
A^ is an arbitrary vector, we finally obtain 


® = V=^(^ A ') (35) 

This scalar is the divergence of the contravariant, vector A v . 

The “Curl” of a Covariant Vector . — The second term in (26) is symmetrical in the indi- 
ces p and v. Therefore A v — A v(1 is a particularly simply constructed antisymmetrical 
tensor. We obtain 


B 


(IV 


9 A^ 9A V 
dx v dx^ 


(36) 


Antisymmetrical Extension of a Six-vector . — Applying (27) to an antisymmetrical ten- 
sor of the second rank A ul , forming in addition the two equations which arise through 
cyclic permutations of the indices, and adding these three equations, we obtain the tensor 
of the third rank 


9A 

R = A + A + A + 

|iva p.va va(i a(iv 


\iv 


+ 


9A, 

9x„ 


■ + 


9A 


0(1 


9x„ 


(37) 


which it is easy to prove is antisymmetrical. 

The Divergence of a Six-vector . — Taking the mixed product of (27) byg^g 1 '* 3 , we also 
obtain a tensor. The first term on the right-hand side of (27) maybe written in the form 


_ 9 _ 

9*o 



_ (ia «S_ A 

g 9x„ ^ 


g 


9 /! a 

9 *o ^ 


If we write A“P forg^g^A and A“P forg^g^A , and in the transformed first term replace 


9 g^ 

9 *o 


.^a 


and 


9 g‘ 

9 *o 


by their values as given by (34), there results from the right-hand side of (27) an expres- 
sion consisting of seven terms, of which four cancel, and there remains 
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A“ p = ^ — I- {o 7 ,a}A' ,p + {ay, p}A“ 7 (38) 

ox a 

This is the expression for the extension of a contravariant tensor of the second rank, and 
corresponding expressions for the extension of contravariant tensors of higher and lower 
rank may also be formed. 

We note that in an analogous way we may also form the extension of a mixed tensor: — 

9A“ 

A “ a = - {an, x} A“ + {ox, a} Aj (39) 

On contracting (38) with respect to the indices p and a (inner multiplication by 8p, 
we obtain the vector 


A 


a 


9A^ 

9x p 


+ {|3y,(3}A ai, + (Py,a}A Y|3 . 


On account of the symmetry of {py, a} with respect to the indices p and y, the third term 
on the right-hand side vanishes, if A”* 3 is, as we will assume, an antisymmetrical tensor. 
The second term allows itself to be transformed in accordance with (29a). Thus we obtain 


1 9(^gA°P) 

Fg dx 


This is the expression for the divergence of a contravariant six-vector. 

The Divergence of a Mixed Tensor of the Second Rank . — Contracting (39) with respect 
to the indices a and a, and taking (29a) into consideration, we obtain 


f~g\ 


dx a 


{0\X,T}FgK 


(41) 


If we introduce the contravariant tensor A p<1 = g pT A° in the last term, it assumes the form 

~[o\X,p]FgA pa . 

If, further, the tensor A po is symmetrical, this reduces to 

Had we introduced, instead of A po , the covariant tensor A pa = g pa ^pA® 13 , which is also 
symmetrical, the last term, by virtue of (31), would assume the form 
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In the case of symmetry in question, (41) may therefore be replaced by the two forms 


f-§\ 


dx a 


1 dgpa 

2 9*^1 


Fg A po 


(41a) 




d(FK) ,3f y- 

dx a 2 9x p V * A p° 


(41b) 


which we have to employ later on. 

§ 12. The Riemann-Christoffel Tensor 

We now seek the tensor which can be obtained from the fundamental tensor alone, by dif- 
ferentiation. At first sight the solution seems obvious. We place the fundamental tensor 
of the^ v in (27) instead of any given tensor A pv , and thus have a new tensor, namely, the 
extension of the fundamental tensor. But we easily convince ourselves that this extension 
vanishes identically. We reach our goal, however, in the following way. In (27) place 

9A U 

V = 9^“ { ^ V,P}A p’ 


i.e. the extension of the four-vector A p . Then (with a somewhat different naming of the 
indices) we get the tensor of the third rank 


9x„9x T 


9 2 A„ 9 A 9 A 9 A 


+ 


{p.cr,p} + {px,a}{aa,p} + {ax,a}{ap.,p} 


A p . 


This expression suggests forming the tensor Ap OT — A (1to . For, if we do so, the following 
terms of the expression for A^ cancel those of Ap TO , the first, the fourth, and the member 
corresponding to the last term in square brackets; because all these are symmetrical in a 
and x. The same holds good for the sum of the second and third terms. Thus we obtain 

A„ ox - Ap TO = BP OT A p (42) 


where 


b £ 0 t = Jr{^ G,p } + “ {pct,a}{ax,p} + {p.x,a}{aa,p} (43) 

The essential feature of the result is that on the right side of (42) the A p occur alone, 
without their derivatives. From the tensor character of A pol . — A UTO in conjunction with 
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the fact that A p is an arbitrary vector, it follows, by reason of § 7, that B poT is a tensor (the 
Riemann-Christoffel tensor). 

The mathematical importance of this tensor is as follows: If the continuum is of such 
a nature that there is a co-ordinate system with reference to which theg pv constants, then 
all the B pox vanish. If we choose any new system of co-ordinates in place of the origi- 
nal ones, the g^ v referred thereto will not be constants, but in consequence of its tensor 
nature, the transformed components of B pox will still vanish in the new system. Thus the 
vanishing of the Riemann tensor is a necessary condition that, by an appropriate choice 
of the system of reference, the g^ v may be constants. In our problem this corresponds to 
the case in which, 6 with a suitable choice of the system of reference, the special theory of 
relativity holds good for a finite region of the continuum. 

Contracting (43) with respect to the indices t and p we obtain the covariant tensor of 
second rank 


where 


C — rP 

^(TV ^M-vp 


D I C 
^(IV ' 0 (IV 


V = -g^{(tv,a} + {|icx,p}{vp,a} 

Sm = d J^B.- {llv , ai s NsH 


dx^dx v 


dx n 


(44) 


Note on the Choice of Co-ordinates . — It has already been observed in § 8, in connection 
with equation (18a), that the choice of co-ordinates may with advantage be made so that 
f—g = 1. A glance at the equations obtained in the last two sections shows that by such a 
choice the laws of formation of tensors undergo an important simplification. This applies 
particularly to G pv , the tensor just developed, which plays a fundamental part in the the- 
ory to be set forth. For this specialization of the choice of co-ordinates brings about the 
vanishing of S pv , so that the tensor G pv reduces to R pv . 

On this account I shall hereafter give all relations in the simplified form which this 
specialization of the choice of coordinates brings with it. It will then be an easy matter to 
revert to the generally covariant equations, if this seems desirable in a special case. 

C. THEORY OF THE GRAVITATIONAL FIELD 


§ 13. Equations of Motion of a Material Point in the Gravitational 
Field. Expression for the Field-components of Gravitation 

A freely movable body not subjected to external forces moves, according to the special 
theory of relativity, in a straight line and uniformly. This is also the case, according to 
the general theory of relativity, for a part of four- dimensional space in which the system 
of co-ordinates K 0 , may be, and is, so chosen that they have the special constant values 
given in (4). 


6 The mathematicians have proved that this is also a sufficient condition. 
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If we consider precisely this movement from any chosen system of co-ordinates K p the 
body, observed from K p moves, according to the considerations in § 2, in a gravitational 
field. The law of motion with respect to Kj results without difficulty from the following 
consideration. With respect to K 0 the law of motion corresponds to a four-dimensional 
straight line, i.e. to a geodetic line. Now since the geodetic line is defined independently 
of the system of reference, its equations will also be the equation of motion of the material 
point with respect to K r If we set 


r Jv =-(ixv,t} 

the equation of the motion of the point with respect to K, becomes 

d 2 x x _ dx ^ dx v 

ds 2 ^ ds ds 


(45) 


(46) 


We now make the assumption, which readily suggests itself, that this covariant system of 
equations also defines the motion of the point in the gravitational field in the case when 
there is no system of reference K 0 , with respect to which the special theory of relativity 
holds good in a finite region. We have all the more justification for this assumption as (46) 
contains only first derivatives of the g , between which even in the special case of the 
existence of K 0 , no relations subsist. 7 

If the Tj v vanish, then the point moves uniformly in a straight line. These quantities 
therefore condition the deviation of the motion from uniformity. They are the compo- 
nents of the gravitational field. 


§ 14. The Field Equations of Gravitation in the Absence of Matter 

We make a distinction hereafter between “gravitational field” and “matter” in this way, that 
we denote everything but the gravitational field as “matter.” Our use of the word therefore 
includes not only matter in the ordinary sense, but the electromagnetic field as well. 

Our next task is to find the field equations of gravitation in the absence of matter. 
Here we again apply the method employed in the preceding paragraph in formulating the 
equations of motion of the material point. A special case in which the required equations 
must in any case be satisfied is that of the special theory of relativity, in which the^ v have 
certain constant values. Let this be the case in a certain finite space in relation to a definite 
system of co-ordinates K 0 . Relatively to this system all the components of the Riemann 
tensor B^ 01 ., defined in (43), vanish. For the space under consideration they then vanish, 
also in any other system of co-ordinates. 

Thus the required equations of the matter-free gravitational field must in any case be 
satisfied if all B pox vanish. But this condition goes too far. For it is clear that, e.g., the grav- 
itational field generated by a material point in its environment certainly cannot be “trans- 
formed away” by any choice of the system of co-ordinates, i.e. it cannot be transformed to 
the case of constant^. 


7 It is only between the second (and first) derivatives that, by § 12, the relations Bj) CTT = 0 subsist. 
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This prompts us to require for the matter-free gravitational field that the symmetrical 
tensor G^ v , derived from the tensor B£ vt , shall vanish. Thus we obtain ten equations for 
the ten quantities g^ v , which are satisfied in the special case of the vanishing of all B£ vt . 
With the choice which we have made of a system of co-ordinates, and taking (44) into 
consideration, the equations for the matter-free field are 


C\T~' a 

^ + r a r P 

dx a ^ va 


= 0 


f~g = 1 


(47) 


It must be pointed out that there is only a minimum of arbitrariness in the choice of 
these equations. For besides G^ v there is no tensor of second rank which is formed from 
the g and its derivatives, contains no derivations higher than second, and is linear in 
these derivatives. 8 

These equations, which proceed, by the method of pure mathematics, from the 
requirement of the general theory of relativity, give us, in combination with the equa- 
tions of motion (46), to a first approximation Newtons law of attraction, and to a second 
approximation the explanation of the motion of the perihelion of the planet Mercury dis- 
covered by Teverrier (as it remains after corrections for perturbation have been made). 
These facts must, in my opinion, be taken as a convincing proof of the correctness of the 
theory. 


§ 15. The Hamiltonian Function for the Gravitational Field. Laws of Momentum and Energy 


To show that the field equations correspond to the laws of momentum and energy, it is 
most convenient to write them in the following Hamiltonian form: — 


8 / Hdx = 0 

h = / v r“ p r v p c 

f-g = 1 


(47a) 


where, on the boundary of the finite four- dimensional region of integration which we 
have in view, the variations vanish. 

We first have to show that the form (47a) is equivalent to the equations (47). For this 
purpose we regard H as a function of the and the g^ v ( = dg^ v ldx a ). 

Then in the first place 


8 Properly speaking, this can be affirmed only of the tensor 


G|1V + ^guv^GafS’ 

where A, is a constant. If, however, we set this tensor = 0, we come back again to the equations G^ v = 0. 
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8H = r“ p r v p a 5/ v + 2/ v r“ p 5rl 


r^riL&r + 2r“ 8(^ v 


; p r v P a s/ v + 2r“ p 8(/ v rP a ). 


But 



The terms arising from the last two terms in round brackets are of different sign, and 
result from each other (since the denomination of the summation indices is immaterial) 
through interchange of the indices p and |3. They cancel each other in the expression for 
SH, because they are multiplied by the quantity r“p, which is symmetrical with respect to 
the indices p and |3. Thus there remains only the first term in round brackets to be consid- 
ered, so that, taking (31) into account, we obtain 



Thus 


9H _ _ „ a pP 

QgUV 1 (ip 1 va 


(48) 



9H 


Carrying out the variation in (47a), we get in the first place 



(47b) 


which, on account of (48), agrees with (47), as was to be proved. 
If we multiply (47b) by g^ v , then because 

dgl = dgZ 


dx a dx a 


and, consequently, 


nv _9_ /_9H_\ _ _9_ / nv 9H \ 
^ dx a \dg£ v ) dx a ( g ° 9 g^) 




we obtain the equation 
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,9 


or 



( 49 ) 


where, on account of (48), the second equation of (47), and (34) 



(50) 


It is to be noticed that f“ is not a tensor; on the other hand (49) applies to all systems 


momentum and of energy for the gravitational field. Actually the integration of this equa- 
tion over a three-dimensional volume V yields the four equations 


where l, m, n denote the direction-cosines of direction of the inward drawn normal at the 
element dS of the bounding surface (in the sense of Euclidean geometry). We recognize 
in this the expression of the laws of conservation in their usual form. The quantities t“ we 
call the “energy components” of the gravitational field. 

I will now give equations (47) in a third form, which is particularly useful for a vivid 
grasp of our subject. By multiplication of the field equations (47) byg vo these are obtained 
in the “mixed” form. Note that 


The third term of this expression cancels with the one arising from the second term of the 
field equations (47); using relation (50), the second term maybe written 


of co-ordinates for which J—g = 1. This equation expresses the law of conservation of 



(49a) 



which quantity, by reason of (34), is equal to 



or (with different symbols for the summation indices) 



9 The reason for the introduction of the factor -2k will be apparent later. 
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where t = f“. Thus instead of equations (47) we obtain 



(51) 


§ 16. The General Form of the Field Equations of Gravitation 

The field equations for matter- free space formulated in § 15 are to be compared with the 
field equation 


of Newton’s theory. We require the equation corresponding to Poissons equation 


where p denotes the density of matter. 

The special theory of relativity has led to the conclusion that inert mass is nothing 
more or less than energy, which finds its complete mathematical expression in a symmet- 
rical tensor of second rank, the energy-tensor. Thus in the general theory of relativity we 
must introduce a corresponding energy- tensor of matter T“, which, like the energy-com- 
ponents t a [equations (49) and (50)] of the gravitational field, will have mixed character, 
but will pertain to a symmetrical covariant tensor. 10 

The system of equation (51) shows how this energy-tensor (corresponding to the 
density p in Poisson’s equation) is to be introduced into the field equations of gravi- 
tation. For if we consider a complete system (e.g. the solar system), the total mass of 
the system, and therefore its total gravitating action as well, will depend on the total 
energy of the system, and therefore on the ponderable energy together with the gravi- 
tational energy. This will allow itself to be expressed by introducing into (51), in place 
of the energy-components of the gravitational field alone, the sums + T° of the ener- 
gy-components of matter and of gravitational field. Thus instead of (51) we obtain the 
tensor equation 


V 2 (|> = 0 


V 2 <j) = 4mcp, 



( 52 ) 


10 g aT T“ = T ot and g°^T“ = T“^ are to be symmetrical tensors. 
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where we have set T = TjJ (Laue’s scalar) . These are the required general field equations of 
gravitation in mixed form. Working back from these, we have in place of (47) 


It must be admitted that this introduction of the energy-tensor of matter is not jus- 
tified by the relativity postulate alone. For this reason we have here deduced it from the 
requirement that the energy of the gravitational field shall act gravitatively in the same 
way as any other kind of energy. But the strongest reason for the choice of these equations 
lies in their consequence, that the equations of conservation of momentum and energy, 
corresponding exactly to equations (49) and (49a), hold good for the components of the 
total energy. This will be shown in § 17. 

§ 17. The Laws of Conservation in the General Case 

Equation (52) may readily be transformed so that the second term on the right-hand 
side vanishes. Contract (52) with respect to the indices p and a, and after multiplying the 
resulting equation by subtract it from equation (52). This gives 


another, as maybe seen by interchanging, in the contribution of the third term, the sum- 
mation indices a and a on the one hand, and |3 and A, on the other. The second term may 
be re-modelled by (31), so that we have 



(53) 



(52a) 


On this equation we perform the operation d/dx a . We have 



The first and third terms of the round brackets yield contributions which cancel one 



( 54 ) 


The second term on the left-hand side of (52a) yields in the first place 



or 
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1 

4 


9 2 

dx a 9x^ 


\p oc5 / dgsA , dgsp _ dj>kp \ 

^ ^ \9*p 9% 9 x s J 


With the choice of co-ordinates which we have made, the term deriving from the last 
term in round brackets disappears by reason of (29). The other two may be combined, 
and together, by (31), they give 


-\3 aB 

1 9 g 

2 9x a 9xp9x (1 ’ 

so that in consideration of (54), we have the identity 
From (55) and (52a), it follows that 


(55) 


(56) 


Thus it results from our field equations of gravitation that the laws of conservation of 
momentum and energy are satisfied. This maybe seen most easily from the consideration 
which leads to equation (49a); except that here, instead of the energy components t a of 
the gravitational field, we have to introduce the totality of the energy components of mat- 
ter and gravitational field. 


§ 18. The Laws of Momentum and Energy for Matter, as a Consequence of the Field Equations 


Multiplying (53) by d^ v /dx a , we obtain, by the method adopted in § 15, in view of the 
vanishing of 


9^ 

gflv 9x„ ’ 


the equation 


or, in view of (56), 


< + T 

dx a + 2 dx a V 


= o, 


9TS ,9^ 

dx a +2 3x a V 


= 0 


(57) 
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Comparison with (41b) shows that with the choice of system of co-ordinates which 
we have made, this equation predicates nothing more or less than the vanishing of diver- 
gence of the material energy-tensor. Physically, the occurrence of the second term on the 
left-hand side shows that laws of conservation of momentum and energy do not apply in 
the strict sense for matter alone, or else that they apply only when the are constant, 
i.e. when the field intensities of gravitation vanish. This second term is an expression for 
momentum, and for energy, as transferred per unit of volume and time from the gravita- 
tional field to matter. This is brought out still more clearly by re-writing (57) in the sense 
of (41) as 


9T^ 

dx„ 


— _ pP T a 
1 aa 1 (3 


(57a) 


The right side expresses the energetic effect of the gravitational field on matter. 

Thus the field equations of gravitation contain four conditions which govern the 
course of material phenomena. They give the equations of material phenomena com- 
pletely, if the latter is capable of being characterized by four differential equations inde- 
pendent of one another. 11 


D. MATERIAL PHENOMENA 

The mathematical aids developed in part B enable us forthwith to generalize the physical 
laws of matter (hydrodynamics, Maxwell’s electrodynamics), as they are formulated in 
the special theory of relativity, so that they will fit in with the general theory of rela- 
tivity. When this is done, the general principle of relativity does not indeed afford us a 
further limitation of possibilities; but it makes us acquainted with the influence of the 
gravitational field on all processes, without our having to introduce any new hypothesis 
whatever. 

Hence it comes about that it is not necessary to introduce definite assumptions as 
to the physical nature of matter (in the narrower sense). In particular it may remain an 
open question whether the theory of the electromagnetic field in conjunction with that 
of the gravitational field furnishes a sufficient basis for the theory of matter or not. The 
general postulate of relativity is unable on principle to tell us anything about this. It must 
remain to be seen, during the working out of the theory, whether electromagnetics and 
the doctrine of gravitation are able in collaboration to perform what the former by itself 
is unable to do. 


§ 19. Euler's Equations for a Frictionless Adiabatic Fluid 

Tet p and p be two scalars, the former of which we call the “pressure,” the latter the “den- 
sity” of a fluid; and let an equation subsist between them. Tet the contravariant symmet- 
rical tensor 


11 On this question cf. H. Hilbert, Nachr. d. K. Gesellsch. d. Wiss. zu Gottingen, Math.-phys. Klasse, 1915, 
p. 3. 


ENGLISH TRANSLATION OF EINSTEIN'S PAPER 


217 


T“ P = ~g*P + P 


dx a dx p 
ds ds 


be the contravariant energy- tensor of the fluid. To it belongs the covariant tensor 


T 


(IV 


dx a dx p 

g^P + ds ds P> 


(58a) 


as well as the mixed tensor 12 


dx R dx 

rpa _ t;a. P 

T a - 5 a p + £ o|3 ds ds p 


(58b) 


Inserting the right-hand side of (58b) in (57a), we obtain the Eulerian hydrodynamical 
equations of the general theory of relativity. They give, in theory, a complete solution of 
the problem of motion, since the four equations (57a), together with the given equation 
between p and p, and the equation 


g h|3 


dx a 

ds 



are sufficient, g a p being given, to define the six unknowns 

dx 2 dx 2 dx 2 dx i 
P’ ds ’ ds ’ ds ’ ds' 


If theg pv are also unknown, the equations (53) are brought in. These are eleven equations 
for defining the ten functions so that these functions appear over-defined. We must 
remember, however, that the equations (57a) are already contained in the equations (53), 
so that the latter represent only seven independent equations. There is good reason for 
this lack of definition, in that the wide freedom of the choice of co-ordinates causes the 
problem to remain mathematically undefined to such a degree that three of the functions 
of space may be chosen at will. 13 

§ 20. Maxwell's Electromagnetic Field Equations for Free Space 

Let (|> v be the components of a covariant vector — the electromagnetic potential vec- 
tor. From them we form, in accordance with (36), the components F po of the covariant 
six-vector of the electromagnetic field, in accordance with the system of equations 


12 For an observer using a system of reference in the sense of the special theory of relativity for an infinitely 
small region, and moving with it, the density of energy T\ equals p — p. This gives the definition of p. Thus p 
is not constant for an incompressible fluid. 

13 On the abandonment of the choice of co-ordinates with g = -1, there remain four functions of space with 
liberty of choice, corresponding to the four arbitrary functions at our disposal in the choice of co-ordinates. 


218 


ENGLISH TRANSLATION OF EINSTEIN'S PAPER 


po 9*„ 9* p 

It follows from (59) that the system of equations 


( 59 ) 


9F, 


pa 


+ 


9F„ 


9F. 


9x t dx, 


■ + 


-cp 




= 0 


(60) 


is satisfied, its left side being, by (37), an antisymmetrical tensor of the third rank. System 
(60) thus contains essentially four equations which are written out as follows: — 


9F Z I t 9F :i . 

9x 4 dx 2 
9F 34 t 9F 4] 
dx, dx 3 

9F 11+ 9F ii 
dx 2 dx 4 
9F„ 9F„ 


+ 


+ 


+ 


+ 


9F« 

9% 3 

SFjs 

9^4 

9F24 

dx, 

9F,, 


= 0 


= 0 


dx, dx, dx 


(60a) 


This system corresponds to the second of Maxwells systems of equations. We recog- 
nize this at once by setting 


F 23 = H *> 

F 3 , = H } , , 
F. 2 = H z , 



(61) 


Then in place of (60a) we may set, in the usual notation of three-dimensional vector 
analysis, 


9H , C 1 
-— = curl E 
dr i 

div H = 0 


(60b) 


We obtain Maxwells first system by generalizing the form given by Minkowski. We 
introduce the contravariant six- vector associated with F afi 

F pv = /Y P F a p (62) 

and also the contravariant vector of the density of the electric current. Then, taking (40) 
into consideration, the following equations will be invariant for any substitution whose 
invariant is unity (in agreement with the chosen coordinates) : — 


_9_pP v _ tp 

9*„ ’ 


( 63 ) 
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Let 


f 31 = h;, 

F 12 = H'„ 



(64) 


which quantities are equal to the quantities H v . . . E z in the special case of the restricted 
theory of relativity ; and in addition 

J = Jx’ J =]f j = )z< I = P> 


we obtain in place of (63) 


9IT 

3t 


+ j 


= curl H' 


div E' = p 


(63a) 


The equations (60), (62), and (63) thus form the generalization of Maxwell’s field equa- 
tions for free space, with the convention which we have established with respect to the 
choice of co-ordinates. 

The Energy-components of the Electromagnetic Field. — We form the inner product 


= F c ,f 

By (61) its components, written in the three-dimensional manner, are 

k, = p e, + [_,■ . Hr 


K 4 = - (;E) 


(65) 


(65a) 


k a is a covariant vector the components of which are equal to the negative momen- 
tum, or, respectively, the energy, which is transferred from the electric masses to the 
electromagnetic field per unit of time and volume. If the electric masses are free, that 
is, under the sole influence of the electromagnetic field, the covariant vector k a will 
vanish. 

To obtain the energy-components T^ of the electromagnetic field, we need only give 
to equation k a = 0 the form of equation (57). From (63) and (65) we have in the first 
place 


K = F dF^ . _9_ /p pHV) _ pM-P 

° ati dx„ dx „ 1 ^ ’ dx., ‘ 


The second term of the right-hand side, by reason of (60), permits the transformation 
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3F 

ppv _ 1 11 

3x„ 2 dx« 18 § ap dx, ’ 


9IV 

dx n 


9F, 


[XV 


which latter expression may, for reasons of symmetry, also be written in the form 

F ^ 


cjr; cjrj 

ua vp-n _i_ ua v(3 U 

r g % + s g ^ F nv 


But for this we may set 


The first of these terms is written more briefly 

the second, after the differentiation is carried out, and after some reduction, results in 

_ Ip^ T p vp dgax 
2 V* dx a ‘ 

Taking all three terms together we obtain the relation 

9T 


K - g _ I °I* V T V 

K 0 - a 2^ - U 


dx„ 


( 66 ) 


where 


t v = _p p va + ix v p F a ^ 

i o r oa r ^ 4°o r a|3 r ■ 

Equation (66), if k a vanishes, is, on account of (30), equivalent to (57) or (57a) respec- 
tively. Therefore the T„ are the energy-components of the electromagnetic field. With the 
help of (61) and (64), it is easy to show that these energy-components of the electromag- 
netic field in the case of the special theory of relativity give the well-known Maxwell-Poy- 
nting expressions. 

We have now deduced the general laws which are satisfied by the gravitational field 
and matter, by consistently using a system of co-ordinates for which J—g = 1. We have 
thereby achieved a considerable simplification of formulae and calculations, without fail- 
ing to comply with the requirement of general covariance; for we have drawn our equa- 
tions from generally covariant equations by specializing the system of co-ordinates. 

Still the question is not without a formal interest, whether with a correspondingly 
generalized definition of the energy- components of gravitational field and matter, even 
without specializing the system of co-ordinates, it is possible to formulate laws of conser- 
vation in the form of equation (56), and field equations of gravitation of the same nature 
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as (52) or (52a), in such a manner that on the left we have a divergence (in the ordinary 
sense), and on the right the sum of the energy- components of matter and gravitation. I 
have found that in both cases this is actually so. But I do not think that the communica- 
tion of my somewhat extensive reflections on this subject would be worth while, because 
after all they do not give us anything that is materially new. 

E 

§ 21. Newton's Theory as a First Approximation 

As has already been mentioned more than once, the special theory of relativity as a spe- 
cial case of the general theory is characterized by the g^ v having the constant values (4). 
From what has already been said, this means complete neglect of the effects of gravita- 
tion. We arrive at a closer approximation to reality by considering the case where the g v 
differ from the values of (4) by quantities which are small compared with 1, and neglect- 
ing small quantities of second and higher order. (First point of view of approximation.) 

It is further to be assumed that in the space-time territory under consideration the g v 
at spatial infinity, with a suitable choice of co-ordinates, tend toward the values (4) ; i.e. 
we are considering gravitational fields which may be regarded as generated exclusively by 
matter in the finite region. 

It might be thought that these approximations must lead us to Newtons theory. But 
to that end we still need to approximate the fundamental equations from a second point 
of view. We give our attention to the motion of a material point in accordance with the 
equations (16). In the case of the special theory of relativity the components 

dx l dx 2 dx } 
ds’ ds’ ds 

may take on any values. This signifies that any velocity 


v = 



may occur, which is less than the velocity of light in vacuo. If we restrict ourselves to the 
case which almost exclusively offers itself to our experience, of v being small as compared 
with the velocity of light, this denotes that the components 

dx l dx 2 dx 2 
ds’ ds’ ds 

are to be treated as small quantities, while dxjds, to the second order of small quantities, 
is equal to one. (Second point of view of approximation.) 

Now we remark that from the first point of view of approximation the magnitudes 
r are all small magnitudes of at least the first order. A glance at (46) thus shows that in 
this equation, from the second point of view of approximation, we have to consider only 
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terms for which g = v = 4. Restricting ourselves to terms of lowest order we first obtain in 
place of (46) the equations 


d\ 
dt 2 


= n 


where we have set ds = dx 4 = dt; or with restriction to terms which from the first point of 
view of approximation are of first order: — 


d*x. 

dt 

^X_ 4 

dt 2 


~7J= [44, T] (T= 1,2,3) 


— rr = —[44, 4] . 


If in addition we suppose the gravitational field to be a quasi-static field, by confining our- 
selves to the case where the motion of the matter generating the gravitational field is but 
slow (in comparison with the velocity of the propagation of light), we may neglect on the 
right-hand side differentiations with respect to the time in comparison with those with 
respect to the space co-ordinates, so that we have 


d% 
dt 1 


1 ^44 

2 


(t = 1,2,3) 


(67) 


This is the equation of motion of the material point according to Newtons theory, in 
which \g i4 plays the part of the gravitational potential. What is remarkable in this result is 
that the component^ of the fundamental tensor alone defines, to a first approximation, 
the motion of the material point. 

We now turn to the field equations (53). Here we have to take into consideration that 
the energy- tensor of “matter “is almost exclusively defined by the density of matter in the 
narrower sense, i.e. by the second term of the right-hand side of (58) [or, respectively, 
(58a) or (58b)]. If we form the approximation in question, all the components vanish with 
the one exception of T 44 = p = T. On the left-hand side of (53) the second term is a small 
quantity of second order; the first yields, to the approximation in question, 


A 111V>1]+ A [|1V , 2] + A [11V ,3 ] _A [11V , 41 . 

For p = v = 4, this gives, with the omission of terms differentiated with respect to time, 


. 1 1 9^44 + ^?44 + 9 2 £ 44 


9 x 4 dx 2 


dxi 


■iv 2 g 44 . 


The last of equations (53) thus yields 


V 2 ** = KP 


(68) 
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The equations (67) and (68) together are equivalent to Newton’s law of gravitation. 
By (67) and (68) the expression for the gravitational potential becomes 


k r p dx 
8n-' r 


(68a) 


while Newtons theory, with the unit of time which we have chosen, gives 

K r pd% 
c 2 ' r 

in which K denotes the constant 6.7 x 10 “, usually called the constant of gravitation. By 
comparison we obtain 


K = 


8nK 


1.87 x 10 ~ 27 


(69) 


§ 22. Behaviour of Rods and Clocks In the Static Gravitational Field. 

Bending of Light-rays. Motion of the Perihelion of a Planetary Orbit 

To arrive at Newtons theory as a first approximation we had to calculate only one com- 
ponent, g 44 , of the ten g pv of the gravitational field, since this component alone enters into 
the first approximation, (67), of the equation for the motion of the material point in the 
gravitational field. From this, however, it is already apparent that other components of the 
g pv must differ from the values given in (4) by small quantities of the first order. This is 
required by the condition g = - 1 . 

For a field-producing point mass at the origin of co-ordinates, we obtain, to the first 
approximation, the radially symmetrical solution 


x p x a (p, a =1,2,3) 
Spa ^pa a 3 

g P 4 = g4p = 0 (P = 1,2,3) 

1 a 
g44 = 1 - ~ 


(70) 


wh ere Spa is 1 or 0, respectively, accordingly as p = a or p ^ a, and r is the quantity 
+ Jx\ + x\ + x\. On account of (68a) 


a 


kM 
4jt ’ 


(70a) 


if M denotes the field-producing mass. It is easy to verify that the field equations (outside 
the mass) are satisfied to the first order of small quantities. 

We now examine the influence exerted by the field of the mass M upon the metrical 
properties of space. The relation 
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ds g^ydX^d-Xy. 

always holds between the “locally” (§ 4) measured lengths and times ds on the one hand, 
and the differences of co-ordinates dx v on the other hand. 

For a unit-measure of length laid “parallel” to the axis of x, for example, we should 
have to set ds 1 2 = -1; dx 2 = dx 2 = dx 4 = 0. Therefore -1 = g n dx\. If, in addition, the unit- 
measure lies on the axis of x, the first of equations (70) gives 



From these two relations it follows that, correct to a first order of small quantities, 

dx = 1 - j- r (71) 

The unit measuring-rod thus appears a little shortened in relation to the system of co- 
ordinates by the presence of the gravitational field, if the rod is laid along a radius. 

In an analogous manner we obtain the length of co-ordinates in tangential direction 
if, for example, we set 

ds 2 = —1; dx 1 = dx 2 = dx 4 = 0; x 2 = r, x 2 = x 3 = 0. 

The result is 

—1 = g 22 dx 2 2 = —dx\ (71a) 

With the tangential position, therefore, the gravitational field of the point of mass has no 
influence on the length of a rod. 

Thus Euclidean geometry does not hold even to a first approximation in the grav- 
itational field, if we wish to take one and the same rod, independently of its place and 
orientation, as a realization of the same interval; although, to be sure, a glance at (70a) 
and (69) shows that the deviations to be expected are much too slight to be noticeable in 
measurements of the earth’s surface. 

Further, let us examine the rate of a unit clock, which is arranged to be at rest in a static 
gravitational field. Here we have for a clock period ds = 1; dx l = dx 2 = dx. } = 0 
Therefore 


dx 4 = 


1 = g»dx\> 

1 = 1 
V^44 7(1 + (£44-!)) 


1 - 1(^44 - 1 ) 


or 


dx 4 = 



dx 

r 


(72) 
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Thus the clock goes more slowly if set up in the neighborhood of ponderable masses. 
From this it follows that the spectral lines of light reaching us from the surface of large 
stars must appear displaced towards the red end of the spectrum. 14 

We now examine the course of light-rays in the static gravitational field. By the special 
theory of relativity the velocity of light is given by the equation 

— dx j — dx 2 — dx\ + dx\ = 0 

and therefore by the general theory of relativity by the equation 

ds 2 = g l x V dx iL dx v = 0 (73) 

If the direction, i.e. the ratio dx^. dx 2 : dx 3 is given, equation (73) gives the quantities 

dx ; dx 2 dx 3 
dx 4 ’ dx 4 ’ dx 4 


and accordingly the velocity 



defined in the sense of Euclidean geometry. We easily recognize that the course of the 
light-rays must be bent with regard to the system of co-ordinates, if the g^ v are not con- 
stant. If n is a direction perpendicular to the propagation of light, the Huyghens principle 
shows that the light-ray, envisaged in the plane (y, n), has the curvature — 5y/3«. 

We examine the curvature undergone by a ray of light passing by a mass M at the 
distance A. If we choose the system of co-ordinates in agreement with the accompanying 
diagram, the total bending of the ray (calculated positively if concave towards the origin) 
is given in sufficient approximation by 



while (73) and (70) give 



Carrying out the calculation, this gives 


14 According to E. Freundlich, spectroscopical observations on fixed stars of certain types indicate the 
existence of an effect of this kind, but a crucial test of this consequence has not yet been made. 
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2 a _ kM 
A 2nA 


(74) 


X 2 


A 


A 

Fig. 8. 


X, 


According to this, a ray of light going past the sun undergoes a deflection of 1.7"; and a ray 
going past the planet Jupiter a deflection of about .02". 

If we calculate the gravitational field to a higher degree of approximation, and likewise 
with corresponding accuracy the orbital motion of a material point of relatively infinitely 
small mass, we find a deviation of the following kind from the Kepler-Newton laws of 
planetary motion. The orbital ellipse of a planet undergoes a slow rotation, in the direc- 
tion of motion, of amount 


e = 24n 3 


T 2 c 2 (l-e 2 ) 


(75) 


per revolution. In this formula a denotes the major semi-axis, c the velocity of light in the 
usual measurement, e the eccentricity, T the time of revolution in seconds. 15 

Calculation gives for the planet Mercury a rotation of the orbit of 43" per century, 
corresponding exactly to astronomical observation (Leverrier); for the astronomers have 
discovered in the motion of the perihelion of this planet, after allowing for disturbances 
by other planets, an inexplicable remainder of this magnitude. 


15 For the calculation I refer to the original papers: A. Einstein, Sitzungsber. d. Preuss. Akad. d. Wiss., 1915, 
p. 831; K. Schwarzschild, ibid., 1916, p. 189. 


HAMILTON'S PRINCIPLE 
AND THE GENERAL THEORY 
OF RELATIVITY 


by A. Einstein 


H. A. Lorentz and D. Hilbert have recently succeeded 1 in presenting the 
theory of general relativity in a particularly comprehensive form by deriving its equations 
from a single variational principle. The same shall be done in this paper. My aim here 
is to present the fundamental connections as transparently and comprehensively as the 
principle of general relativity allows. In contrast to Hilbert s presentation, I shall make 
as few assumptions about the constitution of matter as possible. On the other hand, and 
in contrast to my own very recent treatment of the subject matter, the choice of a system 
of coordinates shall remain completely free. 

§1. THE VARIATIONAL PRINCIPLE AND THE FIELD 
EQUATIONS OF GRAVITATION AND MATTER 

The gravitational field shall be described as usual by the tensor 2 of the g ^ (or ^ v resp.); 
matter (inclusive of the electromagnetic field) by an arbitrary number of space-time 
functions q {p) whose invariance-theoretical character we ignore. Furthermore, let .d> be 
a function of the 111 


/ V >£a V I = 




dx, 


O / 


3 V 


2 LEV 


_ d^P) 


1 Four papers by H. A. Lorentz in volumes 1915 and 1916 of the Publikationer d. Koninkl. Akad van 
Wetensch. te Amsterdam; D. Hilbert, Gott. Nachr. 1915, Heft. 3. 

2 For the time being, the tensorial character of the g„ v is not used. 
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The variational principle 

5 jy 0dx | = 0 (1) 

then provides as many differential equations as there are functions g pv and q {p) , which are 
to be determined, provided we agree that the g^ v and q (p) are to be varied independently 
of each other such that at the boundaries of integration the 8q (p) , 5g llv , and 98g pv /9x a all 
vanish. 

We shall now assume .S3 to be linear in the g^ 2 such that the coefficients of the g^ x 
depend only upon the j^ v . The variational principle ( 1 ) can then be replaced by one more 
convenient for us. With suitable partial integration one gets 

/ 0d% = f 0'dT + F, (2) 


where F is an integral extended over the boundaries of the domain under consideration, 
while the quantity 0' depends only upon the v , g £ v , q {p) , q {p)a but no longer upon g^ x . 
For the variation of interest to us one gets from (2) 

Sj/^cfxj = 8j/#Vcj, (3) 

whereupon we can replace the variational principle (1) with the more convenient one 

8 {/0*dx} = 0. (la) 

By executing the variation after the g^ v and the q (p) one obtains for the field equations 
of gravitation and matter the equations 3 


9 ( d 0'\ 


90 ' 

9/ V 


= 0 


9 / 90 ' \ _ 9 &_ = Q 
dx a \9q (p)a J 9 q (p) 


(4) 

(5) 


§2. SEPARATE EXISTENCE OF THE GRAVITATIONAL FIELD 

The energy components cannot be split into two separate parts such that one belongs to 
the gravitational field and the other to matter, unless one makes special assumptions in 
which manner 0 should depend upon the g >lv , g„ x , q (p) , q (p)a - In order to bring about this 
property of the theory we assume 

0 = (# + 9W, (6) 


3 As an abbreviation, the summation signs are omitted in the formulas. A summation has to be carried 
out over the indices that occur twice in a term. For example, in (4) dldx a (dio Idg^) denotes the term 

£„a/9* a (a£*%t; v )- 
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Where 61 depends only upon ^ v , g £ v , g^., and only upon ^ iV , q {p) , q (p)a - 

Equations (4), (5) f3| then take the form 


9 1 

96ft*\ 

96ft* _ 

dm 

9 *a! 

Ml 


9/ V 

9 

/ dm \ 

99M 

= 0 

dx a 

( 9( ?(p)a J 

9< ?(p) 


(7) 

( 8 ) 


61* is here in the same relation to (ft as 0* is to 0. 

It must be noted that equations (8) or (5) respectively would have to be replaced by 
others if we would assume that s Dt or 0 resp. would depend upon higher than the first 
derivatives of q (p) . Similarly, one could imagine the q (p) not as mutually independent but 
rather as connected to each other by further, conditional equations. All this is irrele- 
vant for the following development, since it is solely based upon equation (7), which is 
obtained by varying our integral after the ^ v . 141 


§3. PROPERTIES OF THE FIELD EQUATIONS OF GRAVITATION 
BASED ON THE THEORY OF INVARIANTS 

We now introduce the assumption that 

ds 1 = g pv dx p dx v (9) 

is an invariant. This fixes the transformational character of theg^. We make no presup- 
positions about the transformational character of the q (p) which describe matter. How- 
ever, the functions H = and G = (ft/\ —g and M = mij—g shall be invariants 

under arbitrary substitutions of the space-time coordinates. From these suppositions fol- 
lows the general covariance of equations (7) and (8), which have been derived from (1). It 
follows furthermore that (up to a constant factor) G is equal to the scalar of the Riemann 
tensor of curvature, because there is no other invariant with the properties demanded 
for G. 4 With this, 61*, and hence the left-hand side of the field equation (7) is completely 
determined. 5 

The postulate of general relativity entails certain properties of the function (ft* which 
we shall now derive. For this purpose we carry out an infinitesimal transformation of the 
coordinates by setting 


x' v = x v + Ax v , 


( 10 ) 


4 This is the reason why the requirements of general relativity led to a quite distinct theory of gravitation. 

5 Execution of the partial integration yields 
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where the Ax v are arbitrarily eligible, infinitesimally small functions of the coordinates. x' v 
are the coordinates of the world point in the new system, the same point whose coordi- 
nates were x v in the original system. Just as for the coordinates, there is a transformation 
law for any other quantity \|/, of the type 

\|/' = \|/ + A\|/, 


where A\|/ must always be expressible in terms of the Ax v . From the covariant properties of 
the < g Jlv one derives easily for the ^ v and the g^ v the transformation laws: 


A/ v =/“ 


9Ax„ 

dx n 


+ g 


dAx u 

va M- 

dx„ 


(ID 


9(A/ V ) 9Ax a 

dx a dx a ' 


( 12 ) 


A(H* can be calculated with the help of (11) and (12) 15) , since Ci* depends only upon the j^ v 
and the g £ v . Thus, one gets the equation 




3AXc 

1 9*„ 


9 2 Ax„ 


+ 2 

dga vg dx v dx a 


where we used the abbreviation 


, 9W 


, 9 («* 


dm’ 




(13) 


(14) 


From these two equations we draw two conclusions that are important in the following. 
We know Qbl{—g to be an invariant under arbitrary substitutions but not Gfr*//— g. It is, 
however, easy to show that the latter quantity is invariant under linear substitutions of 
the coordinates. Consequently, the right-hand side of (13) must always vanish when all 
d 2 Ax a /dx v dx a do. Then it follows that must satisfy the identity 


Sl = 0. 


(15) 


If we furthermore choose the Ax v such that they differ from zero only inside the 
domain considered, but vanish in an infinitesimal neighborhood of the boundary, then 
the value of the integral in equation (2) extended over the boundary does not change 
during the transformation. We therefore have 


A (F) = 0 


and thus 6 


6 Introducing © and © instead of and .V> . 
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a|/ (iWxj = 


But the left-hand side of the equation must vanish since both W/ A —g and <j—gd% are 
invariants. Consequently, the right-hand side vanishes also. Due to (13), (14), and (15) 161 
we next get the equation 


f — g' 

J zc 


•M-v 


9^ 

dx„dx r 


dl = 0. 


(16) 


Rearranging after twofold partial integration, and considering the free choice of the 
Ax a , one has the identity 


9 2 I 9(3* J 
dx v dx a \ d g^ g ) 


= 0 . 


(17) 


We now have to draw conclusions from the two identities (15) f/t and (17), which follow 
from the invariance of (9//— g, i.e., from the postulate of general relativity. 

The field equations (7) of gravitation can be transformed first by mixed multiplication 
with j^ v . One obtains then (also exchanging the indices a and v) as an equivalent of the 
field equations (7) the equations 


A 

/ 


= -(K + 0 , 


where we put 


$ 


V 

a 


9<Wi nv 

3 g^ g 


t 


V 

a 


_ / ^ I 3® 

\3^ a df* 8 ) 



m' [ia\ 

3 ^*° )■ 


(18) 

(19) 

( 20 ) 


The latter expression for t)) is justified by (14) and (15). After differentiation of (18) with 
respect to x n and summation over v, with consideration of (17), follows 

^(*a + Q = 0. (21) 

Equation (21) expresses the conservation of the momentum and the energy. We call 
the components of the energy of matter, t v a the components of the energy of the grav- 
itational field. 

From the field equations (7) of gravitation follows (after multiplication by g g V , sum- 
mation over p and v, and on account of (20)) 


K 1 U v 98W 
3x v 2 ga 


0 , 
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or, taking (19) and (21) into account, 



(22) ls| 


where 5 UI , denotes the quantities These are four equations that the energy compo- 

nents of matter have to satisfy. 

It is to be emphasized that the (generally covariant) conservation theorems (21) and 
(22) have been derived — using also the postulate of general covariance (relativity) — from 
the field equations (7) of gravitation alone, without use of the field equations (8) for mate- 
rial processes. 

Additional notes by translator 

In his footnote 1), just prior to equations (4) and (5), Einstein introduces into tensor cal- 
culus, in a formal manner, the rule of abbreviated writing of summations, which is now 
generally known as the Einstein summation convention. It was introduced in Doc. 30, 
p. 296. 

{1} The “q with 2 subscripts and 2 superscripts has been corrected here to “g”; the 2nd derivative of “q 
inside the following parenthesis has also been corrected to “g,” both with indices as indicated. Editorial 
notes [6] and [7] relate to similar typesetting errors. 

{2} has been corrected here to “gJJU” 

{3} “(4a)” has been corrected to “(5).” 

{4} “g^ v ” has been corrected here to “g^”. 

{5} “(13)” and “(14)” have been corrected here to “(11)” and “(12).” 

{6} “(14), (15), (16)” have been corrected here to “(13), (14), (15).” 

{7} “(16)” has been corrected to “(15).” 

{8} “-’’preceding the factor \ has been corrected here to “+”. 
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